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ABSTRACT 
 
This research presents a new sensor structure, the coupled micro resonator array (CMRA) as 
an approach to reduce the complexity of large artificial nose sensing system. The aim is to 
exploit multiple resonant sensors with a simplified readout.  The CMRA working principle is 
based on mass loading frequency response effect; the frequency response of the coupled 
resonators is a signature for the multiple sensors.   
The key research outputs are balanced effective mass of the coupled resonators for 
measurable response and broke the structure symmetry for unique frequency response pattern 
and stable structure eigenvectors to enhance the system odour discrimination.    
To develop the CMRA, the structure is modelled and analysed using finite element and 
lumped mass analysis. Using silicon-on-insulator material, the CMRA is fabricated in order to 
evaluate the performance. The effect of mass loading is tested by platinum mass deposition 
using focused ion beam technology (FIB).  The inverse eigenvalue analysis was used to 
estimate the mass change pattern of the CMRA structure.  The research also investigates 
effect of the manufacturing variations on the CMRA structure performance.   
With the finger print of the coupled frequency response, the output signal of N multiple 
resonant sensors is monitored by a single processor; hence, reducing the complexity of 
readout and signal processing system.  
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CHAPTER 1   - INTRODUCTION 
 
 
1.1 Introduction to the Artificial Nose 
 
An artificial nose or electronic nose is a system used to mimic the biological nose in detecting 
or distinguishing different types of material species or odours. The material species can be in 
the form of a simple odour or a complex odour.  The complex odour is a collection of two or 
more different volatile chemical compounds that together produces a smell  [1].   The 
artificial nose provides consistent, low cost, and rapid sensory information for long term 
applications compared to the human biological nose.  Due to its features, the artificial nose 
has been used to replace the human biological nose in some industrial areas applications. For 
example, it is used for quality assurance in the food, beverage and health care industries. It is 
also employed in space and military applications for autonomous mobile sensing systems and 
in environmental monitoring to monitor unpleasant or hazardous agents.  
   
 
 
 
 
Figure 1.1 (a) Electronic Nose Prometheus by Alpha MOS, France [2]; (b) Second generation 
of electronic nose developed by NASA [3] 
 
Figure 1.1(a) and (b) show examples of commercial artificial nose available in the market.  
The Electronic Nose Prometheus illustrated in Figure 1.1(a) is an odour and VOC (volatile 
organic compound) analyzer [2], which combines a highly sensitive fingerprint mass 
 
(a) (b) 
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spectrometer (FMS) and multi sensor array system (SAS) technologies.  The Prometheus [2] 
is used for quality assurance of raw materials, intermediates and finished products in food, 
beverage, pharmaceutical, cosmetics, chemical and petrochemical industries.  Figure 1.1(b) 
portrays an image of the electronic nose developed by NASA (National Aeronautics and 
Space Administration)  [3]. The device uses 16 different polymer film sensors for detecting 
compounds such as ammonia.  
 
  
 
 
 
 
 
                                                                                                                                           
   
 
Figure 1.2  Architecture of artificial nose system [1] 
              
Figure 1.2 shows a typical architecture of the artificial nose.  It consists of an array of sensors, 
a signal processing system and a pattern recognition engine (PARC) [1, 4].  An odour is 
presented to the active material of a sensor, which converts a chemical input into an electrical 
signal, Vij(t). Each of the signals from N sensors is then digitised to a digital signal, Xj.   The 
response of the output signals are then analysed using the pattern-recognition (PARC) engine. 
The PARC characterises the responses of the sensor array by using mathematical rules that 
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relate the response output from a known odour to a set of descriptors held in a Data/ 
Knowledge Base.  The response from an unknown odour is tested against the Knowledge 
Base and a prediction of the class of the material is specified.  
     
                                                                                                             
1.2  Problem Statement 
 
The sensors and the pattern recognition engine system (PARC) play an important role in 
determining the performance of the artificial nose [5] .  In order to increase the sensitivity and 
flexibility of the artificial nose many sensors are required.  Adding to the number of sensors 
can enhance the odour mixture recognition, which will improve the artificial nose 
performance [6].  Table 1-1 lists the types of sensor arrays and number of sensors employed 
in the artificial nose in different application areas. 
Table 1-1: Type and number of sensing elements applied in different application of the 
artificial nose 
 
Sensor Array Type Number 
of 
Sensors 
Application 
Bulk Acoustic Wave 8 Distinguishing different food flavours [7] 
Conducting Polymer 12 Differentiating 3 type of beers [8, 9] 
Mixed sensors type 15 Effect of ageing for ground pork/ beef [7] 
Quartz resonator 16 Discriminating 3 type of  fragrances mixture [4] 
- 32 Diagnosing 3 different conditions  of Cattle (34 
measurement of breath samples) [10] 
Polymer carbon 
black nano-
composite  
32 Detecting 6 bacteria [11] 
Chemoresistive 
micro-sensor array 
80 Discriminating between 2 simple odours and 
essential oil [12] 
 
 
From the above table, it can be observed that, more sensors are required to detect a complex 
odours or a large mixture of different types of materials. Undoubtedly, the information 
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content of the signals from multiple sensor arrays are significantly greater than those from  
single sensor systems [13].   For example, 12 sensors were used to differentiate between 3 
types of beer [9] and 32 sensors were applied to detect 6 different types of bacteria [10]. At 
least 16 quartz resonators sensor were needed to discriminate between 3 different types of 
fragrance mixtures [4].  Covington et al.  [12] concluded that  closer emulation of the 
olfactory mucosa and nasal cavity could yield a better odour discrimination.  They replicated 
the basic structure of the olfactory mucosa system with 80 chemo-resistive micro sensors and 
an integrated fluidic channel to act as the nasal cavity.   They were successful in 
discriminating between 2 simple odours and a set of complex odours (i.e. essential oils). 
Consider the performance of a sensor in terms of a detection limit or detection threshold 
of the odours; the detection limit of a typical sensor can range from parts per million levels 
(ppm, 106) down to parts per billion (ppb, 109) or to more lower odour concentrations, parts 
per trillion (ppt, 1012) or below in air. The detection limit of a sensor can be improved by 
reducing the noise which may be suffered by the sensors from interfering signals due to 
fluctuations in ambient temperature, humidity or pollution. The sensors also may be affected 
by a drift as a result of poisoning or aging of the sensors. Increasing the number of sensors 
improves the signal-to-noise level by providing some level of redundancy and permitting 
signal averaging to take place  [7, 14-17]. 
Sensor arrays are important in measuring complex odour mixtures, since it is not 
necessary to break the complex odour down into its individual components [17]. Several 
industries such as the food and beverage industry require the sensor for comparing the quality 
of the processed products between different batches. The sensors arrays provide non-invasive 
technique which will benefit the industries.  Therefore, the quality assurance process is 
simplified and all non-value added activities are removed.  
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As discussed earlier, employing a large number of sensors helps to improve the performance 
of the artificial nose. However, it also adds greatly to the complexity of the sensing system 
and cost of the device. Increasing the number of sensors will complicate the readout system of 
the sensors, since each sensor in the array must be individually monitored. More processors 
are required to process the individual output signals. Any requirements to integrate the output 
signal patterns of the individual sensors for tracing the signature of the material species will 
complicate the signal processing system and the pattern recognition engine system (PARC).  
This research seeks an approach to reduce the complexity of large artificial nose sensor 
systems by exploiting a new sensor structure which is called Coupled Micro Resonator Array 
(CMRA). 
 
1.3 Coupled Micro Resonator Array (CMRA) 
 
The CMRA structure design is based on an array of coupled resonators.  Figure 1.3 illustrates 
the conceptual design of the CMRA sensor structure. It consists of three main elements: (1) an 
array of micro resonators (e.g. R1 to R5), (2) mechanical springs, (3) comb actuators.  Each 
individual resonator represents a micro-mass sensor and the array is coupled together with the 
mechanical springs. The comb actuators are used to drive and readout the output signal of the 
sensors based on an electrostatic excitation and a capacitive detection method respectively.   
The CMRA sensor structure applies the concept of mass loading-frequency shift effect 
working principle.  Conceptually, the surface area on the resonator which will be designed for 
the active material1 [18, 19] is sensitive to any small amount of the adsorbed mass such as 
odour molecules. An odour is passed over the resonator, then the odour molecules will be 
                                                 
 
1
 a chemically sensing membrane material which will absorb odorant molecules when the odour or aroma sample 
is passed over the membrane 
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selectively absorbed into the surface of the resonator.  Each resonator will react selectively to 
particular substances by increasing its mass, so the characteristic-frequency of the sensor will 
reduce.  The shift in frequency is approximately proportional to the total mass of the adsorbed 
odour molecules.   Since each resonator may have different selectivity, the frequency shift 
pattern across the array may be used as a signature of the odour.   
 
 
Figure 1.3  Schematic diagram of design concept of coupled resonator array sensor structure 
 
Since the resonators are mechanically coupled together, the state of each resonator can be 
monitored simply by measuring the resonant frequencies of the coupled system.  Thus, in 
principle with N sensors, just two connections are required to monitor the sensors; one for a 
drive connection and another for a pick off connection; thus, greatly reduce the complexity of 
the readout measurement.  The signal processing system is also simplified since only a single 
processor is required to process the output signal as compared to the conventional system [20, 
21].  Using the CMRA, the necessity to monitor and integrate different output signals from 
individual sensors is eliminated.  So, the complexity of the pattern recognition engine (PARC) 
system used to identify the signature of the odours is significantly reduced.  By simplifying 
the readout measurement, signal processing system and pattern recognition system, the 
manufacturing costs of large sensors are expected to reduce.  Therefore, with the CMRA 
sensor structure, it is expected to reduce the overall cost of the artificial nose. 
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1.4 Manufacturing Process Variation versus CMRA Performance  
 
Manufacturing variation in MEMS (Micro Electro Mechanical Systems) is inevitable [22, 23].  
The variation can be considered as a noise, which normally the manufacturer does not have 
control of. The source of this noise or variation can come from many factors. It includes 
external sources such as environmental factors, different batches of wafers, tolerances in the 
fabricated mask, and internal sources of the fabrication processes.  The fabrication processes 
induce wafer to wafer as well as variation across a single wafer  [24].  The variations in 
processing time and process temperature have a critical influence in most of MEMS 
processes.  A slight difference in processing time and temperature may vary the geometrical 
dimensions of the fabricated structure.   
The variations in the geometrical parameter may affect the response pattern and 
performance of the coupled resonator sensors.  The variations in the geometrical parameter 
will change the effective mass and stiffness of the resonators.  As a result, the resonant 
frequency of the resonators will change.  This research quantifies the manufacturing 
variations and analyzes its effect on the performance of the CMRA.  The variation is 
quantified by measuring the geometrical parameter of the fabricated structures and comparing 
it to the designed structure. A simple model of lumped mass parameters of the CMRA is 
developed to analyze the possible effect of the manufacturing variations on the performance 
of the designed CMRA sensor structure.  The manufacturing variations may reduce the 
CMRA sensor performance or help to stabilise the resonant modes of the system and enhance 
the system odour discrimination.  The research observes the effect of manufacturing variation 
on the performance of the fabricated CMRA structure. 
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1.5 Objectives  
 
 
The main aim of the research is to exploit a new sensor structure of a coupled micro 
resonators array (CMRA) for the artificial nose. The research objectives:- 
1.5.1 To model and analyze the performance of the CMRA structure  
1.5.2 To fabricate and evaluate the performance of the CMRA structure 
1.5.3 To observe the effect of manufacturing process variation on the CMRA structure 
performance 
 
1.6 Scope and Methodology 
 
 
The research focuses on the realization of the CMRA by modelling the geometrical structure 
of the CMRA and evaluating its performance using finite element analysis and numerical 
analysis.  The research explores and studies the possibility of the CMRA sensor structure 
generating distinctive output signal patterns for any mass changes absorbed by the resonators. 
These distinctive signal patterns are vitally important for the artificial nose in identifying 
different types of odours and materials absorbed by the sensors. For an improved CMRA 
(CMRA version 2, CMRA-v2), the research models and analyzes design alternatives of the 
CMRA to examine the measurability of the output signals.  The research demonstrates the 
inverse eigenvalue analysis used to determine the mass change patterns absorbed by the 
resonator sensor. An analysis is carried out to examine the effects of stability of the CMRA 
structure’s eigenvectors on the determination of masses absorbed by the sensors. The 
simulated CMRA structures are fabricated and tested to examine the performance of the 
structure.  To study the effect of the absorbed mass on the structure frequency response, a 
mass is deposited on the fabricated CMRA and its singleton using a Focused Ion Beam (FIB) 
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technology. Hence, the fabricated CMRA structure and its singleton should be sensitive to 
detect the FIB mass. A separate analysis is performed to analyse the effect of the 
manufacturing process variations on the geometrical parameter of the fabricated structure. 
The research uses the scanning electron microscope (SEM) to measure the geometrical 
parameters of the fabricated micro resonators on INTEGRAM chips (out-sourced fabrication). 
The measured data is compared to the designed structure; and the analysed data is used to 
predict the impact of the manufacturing variations on the designed CMRA.  The results of the 
frequency response measurement of the fabricated CMRA and its singleton are analysed to 
examine the performance of the CMRA sensor structure and observe how the manufacturing 
variations may impact the performance of the fabricated CMRA. 
 
1.7 Outline of Thesis 
 
This thesis consists of eight chapters:- 
Chapter 1 describes the artificial nose, introduces the CMRA and highlights the possible 
effect of the manufacturing process variation on the CMRA. 
Chapter 2 reviews the current technology status of works relevant to the development of the 
CMRA.   
Chapter 3 describes the modelling, numerical and finite element analysis of the first version of 
the CMRA (CMRA-v1). This chapter analyses each structure elements of the CMRA-v1 
which includes fixed-fixed beam resonators, butterfly shaped mechanical coupling spring 
designs, and comb drive actuators.  The performance of the simulated CMRA-v1 are analyzed 
and discussed.   
Chapter 4 explains the eigenvalue and eigenvector analysis of the CMRA using a lumped 
mass model.  This chapter re-evaluates the performance of the CMRA-v1 and highlights the 
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key structure improvements of the CMRA sensor structure.  The lumped mass model 
alternatives of the CMRA which include constant mass CMRA and staggered CMRA are 
examined and discussed.    
Chapter 5 focuses on the design and modelling of the second version of the CMRA (CMRA-
v2). This chapter compares the performance of three CMRA(s) designs; Constant Mass 
CMRA, Staggered Mass CMRA, and Staggered Stiffness CMRA.  This chapter also discusses 
the inverse eigenvalue analysis used to determine the pattern of mass changes absorbed by the 
resonators.  Furthermore, Chapter 5 introduces and describes the analysis of the effect of 
manufacturing process variations on the geometrical dimension of the fabricated micro 
resonator structure (INTEGRAM chips). Further analysis is carried out to examine the effect 
of the quantified manufacturing variations on the structure performance. 
Chapter 6 covers all manufacturing processes to fabricate the CMRA sensor structures and its 
singleton (integrated comb-drive resonator and single fixed-fixed beam resonator).  This 
chapter observes the fabricated CMRA and discusses all constraints in the fabrication 
processes. This chapter also explains the processes and preparations for the frequency 
response measurement of the fabricated structure.  
Chapter 7 includes electronic testing setup, testing samples and all procedures used to test the 
frequency response of the structure.  This chapter presents and discusses the frequency 
measurement result of the single resonator and the CMRA structure. The overall performance 
of the CMRA sensor structure and the effect of the manufacturing process variation are 
presented.   
Chapter 8 concludes the achievement of the research and highlights recommendations for 
future research. 
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CHAPTER 2   - LITERATURE REVIEW 
 
2.1 Introduction  
 
This chapter reviews topics related to the main subject matter of the thesis. Section 2.2 
highlights the nature of the human biological nose architecture compared to the artificial nose, 
the odour detection processes in the biological nose, and the importance of the artificial nose 
in industrial applications.  Section 2.3 reviews type of sensors employed in the artificial nose 
including functional features and performance. Sections 2.4 and 2.5 cover subjects related to 
the performance of the resonant micro sensors and methods of excitation and readout. 
Sections 2.6 and 2.7  review past researches associated to the coupled micro resonator 
structure and the comb-drive actuator respectively. Section 2.8 highlights manufacturing 
process variation researches in MEMS and   Section 2.9 summarizes the overall position. 
 
2.2 Biological Nose versus Artificial Nose 
 
 
 
  
 
 
                                                                                                                                               
 
 
 
 
 
 
 
 
 
 
 
 
  
 
Figure 2.1  (a) A simplified architecture of the conventional artificial nose system; (b) Human 
olfactory system 
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Figure 2.1(a) and (b) illustrate the schematic diagrams of the simplified architecture of the 
artificial nose system and the human olfactory system respectively. Comparing between the 
two systems, both systems consist of an odour delivery system, a sensing system, a signal 
processing system and a pattern recognition engine system.  Figure 2.2 shows  illustrations of 
the detail of odorant receptors of the human olfactory system [25]. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2.2  Odorant receptors and the organization of the human olfactory system [25] 
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The odour detection process in the artificial nose starts when a sample(s) of odour is passed 
over an array of sensors.  The odour detection process in the human olfactory system starts 
when we sniff.  Air samples that contain molecules of odours pass curved bony structures 
(turbinate) .  The turbinate creates a turbulent airflow pattern that carry the mixture of volatile 
compounds to the thin mucus coating of the nose olfactory epithelium (Figure 2.2) [14]. In 
humans, the olfactory epithelium is located about 7 cm up and into the nose from the nostrils 
[26].   
Hair cells in the olfactory epithelium are the receptors that act as sensory cells that 
respond to particular chemicals. There are about 50 millions primary sensory receptor cells or 
neurons on a small area of 2.5 square centimetres olfactory region in humans [27].  Each 
sensory receptor neurons have 20-30 projected small hairs called cilia [28].  The cilia are 
whip-like extensions of 30-200 microns in length [27]. The olfactory chemo receptors are 
located on these cilia [29].  While, in the artificial nose, the sensor surface area with the 
coated active material will act as a receptor where selective molecular reception of the 
odorant occurs and sensory transduction starts.  
At rest, ions are pumped within the cell membrane of the olfactory epithelium to keep 
the cells polarized (at around 90mV) [14]. When the odorant molecules bind to a receptor 
protein, it initiates a cascade of enzymatic reactions and results in depolarization of the cells 
membrane [28, 30].  The change in the polarity state creates signals, which then are 
transmitted to the olfactory bulb along neural ‘wires’ called axons [31]. Axons are bundled in 
groups of 10-100 to penetrate the ethmoidal cribriform plate of bone, reaching the olfactory 
bulb of the brain [27, 29].  From the mitral cells (i.e. contacts with the next level of nerve 
cells) the information is sent directly to the higher levels of the central nervous system in the 
brain;  the signalling process is interpreted and olfactory response occurs  [27, 32].  
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2.2.1 The Importance of the Artificial Nose 
 
The sensitivity of human nose is undoubtedly greater than that of any electronic equipment.  
But, the variability in results is also far greater and practical difficulties arise in using human 
panels for many operations [33].  Comparing the artificial nose and the human biological 
nose, the human nose is unavoidably affected by the state of the health and mood of the 
inspectors [4].  The testing results may vary depending on the individual conditions in terms 
of mental states and adaptability to the equipment and environment.  Due to the nature of the 
human biological nose, it cannot be used routinely for 100% product control in applications 
such as the monitoring of perfume in soaps and cosmetics bases, the monitoring of body 
odours in deodorant development and the monitoring of aroma in the food industry [34].  
Therefore, the use of the artificial nose will be more productive and cost effective for any 
long-term business strategy.   
 There are many industries which require the application of the artificial nose 
technology.  Bourgeois et al. [35] reviewed the use of  the sensor arrays in environmental 
monitoring.  Many industries such as paper and waste processing industry,  food and beverage 
processing and perfumes industries may be exposed to pollutions due to the nature of their 
industrial activities.   The emitted toxic gases and volatile organic compounds which are in 
the form of complex odour mixtures make it impossible to monitor using a single sensor or 
using the biological nose.  
Natural smells, perfumes and flavours are invariably complex mixtures of chemicals 
containing at least tens and more frequently hundreds of constituent odorants.  Differences in 
ratio of the constituent chemicals affect the odour or flavour.  In some instances the odour of a 
natural material is dominated by one odorant and other odorants presence serve to give 
nuance the odour  [36].  The use of the artificial nose to detect one odorant in a complex 
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chemical is more effective and feasible.  Considering the capability of the biological nose, the 
threshold of the odorant molecules that can be detected by a normal healthy person is limited  
[37].  Furthermore, the biological nose produces only the qualitative information compared to 
the artificial nose which can provide quantitative information [9].  Therefore the electronic 
nose is important for such applications to replace the biological nose. 
 The use of the artificial nose in some medical applications for synthesizing the 
biological samples is practical.   For example the artificial nose was used to detect glucose 
level in blood plasma samples [36] in order to diagnose diabetes.  The  electronic nose was 
successfully employed to  distinguish the  CSF (cerebrospinal fluid) from serum in cultures 
sample and to detect tuberculosis in sputum samples [38].  The use of the artificial nose in 
these medical applications is more efficient and may help to expedite the clinical decision 
making processes [39]. 
 
2.3 Sensor Technologies Used in the Artificial Noses  
 
2.3.1 Sensor Type and Features 
 
Most sensors arrays were designed or constructed in the form of individual sensors or 
individually packaged sensors [13].  Some applications of the multiple sensors are in the form 
of a hybrid array, where different types of sensors are used together to discriminate different 
type of odours [15]. Table 2-1 lists the different type of sensor arrays commonly used in the 
artificial nose.  Each sensor is categorized, based on its operation principles such as 
piezoelectricity, resonance,  electrical conductivity, capacitive charge coupling, and optical 
based sensing.   
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Table 2-1  Sensor technologies applied in the artificial nose 
 
Sensor Type 
Quartz Crystal Microbalance (QCM)  
Surface Acoustic Wave (SAW)  
Bulk Acoustic Wave (BAW) 
Micro cantilever beams 
Metal-Oxide-Semiconductor (MOS)  
Conducting Polymer (CP) and Intrinsically Conducting Polymers (ICPs) 
Metal-Oxide-Silicon-Field-Effect-Transistor arrays (MOSFET arrays) 
Optical sensing array  
 
QCM [40], SAW [41, 42], BAW and micro cantilever beam  sensors [43, 44] operate based 
on a resonance principle.  Figure 2.3(a) shows an example of QCM sensor [21].  It consists of 
quartz crystal oscillator covered with a gas-sensitive material.  Adsorption of volatile 
compounds changes the sensor resonant frequency and the response amplitude of oscillation.  
The frequency shift, ∆f  was used to determine the amount of mass deposited or removed 
from QCM sensor [45].   
MOS and CP sensor applies an electrical conductivity operation principle.  Tin oxide 
(SnO2) is an example of MOS sensor (Figure 2.3(b) and (c)).  When the sensor is exposed to 
air, the SnO2 surface absorbs oxygen.  The oxygen absorption creates a space-charge layer on 
the surface of each SnO2 grain; the space-charge creates a potential barrier to conduction at 
each grain boundary and increases the sensor electrical resistance [15, 21].  Figure 2.3(d) 
depicts an example of CP sensor. It consists of  conductive fillers such as  carbon black or 
polypyrrole [46, 47] and nonconductive organic polymers as the insulating matrix.  When the 
composite sensors are exposed to an odorant, the composites will swell; the degree of 
swelling depends on the polymer and odorant interactions and results in a change in the 
conductivity of the composite film [21].   
MOSFETs are gas sensitive field effect device with catalytic metal gates (e.g. 
palladium, platinum, and iridium) [48] (Figure 2.3 (e)).  When molecule gas such as hydrogen 
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adsorbs to the gate and diffuses to the SiO2 layer, it forms a dipole layer.  The charging of the 
gate results in voltage change in the sensor signal.  An  optical fibre sensor is an example of 
optical sensing array.  It employs analyte-sensitive indicators such as fluorescence intensity 
for detecting odour species [15].   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
      
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2.3 (a)  QCM sensor [21];  (b)  an individual packaged of the SnO2 sensor [15];   
(c)  the array of SnO2 sensor [15]; (d) Conducting Polymer sensor [21]; (e) MOSFET sensor 
[15] 
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Considering several sensor types which are discussed earlier, the resonant sensor is capable of 
producing a direct digital output signal [49].  The approach offers long term stability [40].  
Due to its high sensitivity, the cantilever resonant sensor has been used as a mass sensors to 
detect vapour such toluene, methanol and its mixture [44]. MOS sensors have a disadvantage, 
since it needs to dope with metal to increase the surface sensitivity [15].  While, CP 
sometimes difficult to operate and time consuming to electro-polymerize the active materials. 
Taking advantages offered by the resonant sensor, this research investigates mechanically 
coupling the resonant sensors and seeks to simplify the  multiple sensors system for the 
artificial nose applications.  
 
2.3.2 Performance of Current Sensors and Artificial Noses 
 
 
To date, compared to a rich experience odour assessor, the artificial nose is still limited in 
capabilities [4, 50-55]. The performance of the artificial nose relies on the specific sensor 
characteristics, an evaluation technique of a sensor response (PARC, Pattern recognition 
engine) [56] and mathematical modelling to characterize and integrate the multiple sensors 
response.     As an example, 16 quartz resonator sensor at 20MHz frequency and supported 
with an automated pattern recognition system of FLVQ (Fuzzy Learning Vector 
Quantification) was able to distinguish 3 mixtures of fragrances (0 to 70% concentration) at 
only 79% recognition  rate [4].   
Daqi and Wei [50] argued that a single type of mathematical function approximation 
model cannot simultaneously determine many different kinds of odour classes and 
concentrations.  They used 16 commercial TGS sensors and four different function 
approximation models (i.e. multivariate logarithmic regression (MVLR), quadratic 
multivariate logarithmic regression (QMVLR), multilayer perceptron (MLP) ,   and support 
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vector machine (SVM)) to classify  4 types of fragrances at 21 different concentrations (i.e. 
between 1 to 10000ppm). Szczurek and Maciejewska [54] claimed that they  successfully 
transformed responses of a MOS sensor array to an intensity of odour (mixture of 0-
346.4mg/m3 toluene and 0-180.4mg/m3 ethyl acetate) using a generalized regression network 
(GRN) neural model.  Feng et al. [55] employed  Quartz crystal microbalance sensors and 
MIPs (Molecular Imprinting techniques) for determination of formaldehyde; they revealed a 
linear relationship between frequency shifts and concentrations of analyte in the range of 1.25 
to 14.25µM. 
The performance of each sensor technology can be compared in terms of their 
functional features:  (i) limit of detection (sensor sensitivity); (ii) selectivity; (iii) repeatability 
and reproducibility of the output signal; (iv) any temperature and humidity dependence; (v) 
operating temperature level; (vi) response time, recovery time and lifetime of the sensors [57].  
Detection limit or sensor sensitivity is referred to the ratio of the number of odorants to the 
total number of molecules in the gas sample being analyzed [14, 21]. The sensor sensitivity 
may range from a low to high detection limit (e.g.  part per million 10-6 (ppm) to part per 
trillion 10-12  (ppt)). Selectivity or Specificity is the ability of sensors to detect the specific 
compound within a complex headspace (i.e. mixture of hundred compounds) [14]. 
Boholt et al. [57] reviewed the performance of five  different types of sensors in terms 
of their functional features (i.e. MOS, MOSFET, CP, QCM, and SAW); comparing between 
the five sensors types, the QCM and SAW sensor, which are grouped under resonant sensors, 
have higher selectivity compared to other sensors.  The SAW can work at the highest limit of 
detection (i.e. ppb) and comparable with other sensors in terms of low humidity dependence. 
The SAW works in the ambient temperature and QCM at a slight elevated temperature (i.e. an 
average of 30 -40oC) compared to the MOSFET and MOS  which can only work at least at 
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100 – 200oC. However, a slight disadvantage of the QCM and SAW is that performance of 
both sensors are temperature dependence; one of the reasons is that the sensitivity of the 
sensor response decreases at an elevated temperature due to reduction of sorption strength of 
the gas-sensitive material coated on the sensor surface [58]. 
 
2.4 Resonant Sensors Performance 
 
Resonant sensors are based upon the principle of the resonant frequency or the frequency 
distribution produced in a mechanical structure, which is measured and related to the property 
to be determined. Resonator sensors are suitable for the measurement of mass flow, density, 
viscosity, rotation rate, pressure, force, and acceleration [42].   
Resonator sensors often have a relatively high mechanical quality factor (Q-factor), 
which leads to a high resolution of frequency and hence high sensitivity [59]. A high Q-factor 
also implies low energy losses from the resonator and therefore low power requirements to 
maintain the resonance, which simplifies the operating electronics. 
Another advantage of frequency domain sensors is that the signal output is essentially 
‘digital’  in contrast to analogue signal output [60].  Therefore, the detected signal can be 
directly connected to digital circuits, which ensures high accuracy detection and simplicity 
compared with other type of sensors. 
However, as argued by Kaajakari et al. [61] there are few major problems which needs 
to be overcome in order to further improve the performance of the resonant sensors: (i) 
maintaining and measuring the prime mode of vibration of the mechanical structure; (ii) 
improving measurement reliability by considering the influences of material consistency and 
manufacturing tolerances; and (iii) the application of sophisticated mathematical modelling 
techniques to understand fully the modes of vibration.  
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Stemme  [62] raised  important considerations in designing high performance of resonant 
sensors:-  
• High quality (Q) factor;  
• Having a sufficient input parameter selectivity and sensitivity of resonance frequency; 
• Low temperature sensitivity of the resonance frequency; 
• Selection of type of resonator design and mode of vibration; 
• Reducing mode coupling (i.e. the interference of unwanted vibration modes in the 
excitation of the wanted modes). 
 
2.4.1 Quality Factor 
 
Q is known as the quality factor of the resonator.  Loosely, it describes the number of 
oscillations of the system before it is damped out [63].  Q factor can be defined as the total 
energy stored in the structure divided by the sum of energy losses from the vibrating element 
per cycle.  In forced vibration Q is related to a measure of the sharpness of resonance.  
Consider a single degree-of-freedom mass spring damping system in Figure 2.4. 
 
 
 
 
 
 
 
Figure 2.4 [64] (a) Viscously damped system with harmonic excitation; (b) Sharpness of 
resonance  
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Differential equation of motion: tFkxxcxm o ωsin=++ ɺɺɺ    (Equation 2-1) 
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Where, Fosinωt: is the harmonic excitation force; ω: excitation frequency; ω1 and ω2: two 
frequencies of resonance sidebands which was found at half-power points of the resonance 
amplitude (Xres) X = 0.707Xres [64].  
The Q factor depends on different damping mechanisms; to get high Q factors, the 
damping must be low. The damping mechanisms may be due to structure imbalances which 
cause energy losses into the surroundings, viscous and acoustic damping losses and internal 
material related losses.  
The internal losses depend on the purity, dislocations and thermo-elastic losses of the 
material [62].  The thermo-elastic losses are due to irreversible heat conduction resulting from 
the structure flexural motion.  Single crystal materials such as single crystalline silicon and 
quartz have excellent resonating properties in terms of very high intrinsic Q-factors [62].  As 
emphasized by Nguyen and Howe [65], the intrinsic Q of a micro resonator is also a function 
of the anchor design and is temperature dependant.  The Q factor also can be increased by 
increasing the vibration balance for example by using a double or triple beam and bridge 
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structures in the resonance mode configuration.  In addition, Huang et al. [66] observed a 
strong correlation between surface roughness of silicon carbide thin film material  and the 
quality factor of the resonators made from it. 
High Q factor is very important because [63]: 
• Simplify the feedback control electronics (i.e. require a low energy to maintain the 
vibration). 
• Allow precise measurement of the resonator response. 
• Give high accuracy and long term stability (i.e. low sensitivity to mechanical 
disturbances). 
However, Kaajakari et al. [61] claimed that a high quality factor makes micro resonators 
susceptible to nonlinearities. 
 
2.4.2 Nonlinear Effect 
 
MEMS resonators exhibit two kinds of nonlinearities, a mechanical stiffening and an 
electrical softening. At low biased voltages, the capacitive forces are weak and the mechanical 
stiffening effect may dominate.  This causes right hand side bending of the frequency 
response [67] (Figure 2.5(a)).  At high biased voltage, the nonlinearities in capacitive forces 
are dominant, causing the electrically induced softening effect.  This causes left side bending 
of the frequency response curve [67] (Figure 2.5(b)).  The mechanical nonlinearity is due to 
geometrical and material effects in the resonating element while the capacitive nonlinearity is 
due to capacitive coupling mechanism (i.e. the design of the capacitor element) [68].  As an 
example the use of boron-doped material enhances the nonlinear mechanical responses of the 
resonator [69]. 
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The nonlinear amplitude frequency effect limits the maximum sustainable amplitude and 
reduces the maximum signal-to-noise ratio that can be achieved.  Beyond the sustainable 
amplitude, the resonator amplitude and phase response exhibit duffing bifurcation instabilities 
as well as excess of phase noise induced by the amplitude noise [67].  In a severe condition, 
the nonlinear effect can cause a damage and fatigue to the device [70].  Langdon [71] claimed 
that for the  force and mass sensing applications, the resonator should be designed to have 
small displacements to avoid the nonlinearity.  The nonlinear frequency response causes 
inaccuracy of mass determinations due to unstable frequency shifts and resonator response 
amplitude. 
 
 
 
 
 
 
Figure 2.5 [67] (a) Nonlinear – mechanical stiffening; (b) Nonlinear – electrical softening 
 
2.4.3 Resonance Frequency- Temperature Sensitivity  
 
The temperature sensitivity of the resonant frequency can be controlled by selecting the 
resonator material, type of vibration mode (resonator shape and design), type of excitation and 
frequency detection and reducing any thermal expansion mismatch [62].  In selecting the 
resonator material, the properties of the material such as density, thermal expansion, Poisson’s 
ratio and elastic constant are important since all of these properties affect the resonant 
frequency.  
(a) (b) 
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Low temperature sensitivity can be achieved if the resonators are made from a single-
crystalline material.  The introduction of extra layers of material will result the bimetallic 
effect, which will induce thermal stress and increase the temperature sensitivity.    
Silicon is an example of good electronic material used in integrated circuits.  It provides 
excellent mechanical properties of single-crystal silicon in terms of high purity and low defect 
density.  The high mechanical quality of silicon and the resonance of an element make it 
possible to make stable, high resolution and high sensitivity resonant silicon sensors [72, 73]. 
 
2.4.4 Resonator Design and Vibration Mode 
 
The resonator can be designed in various shapes. Each shape can have several vibration 
modes such as transversal, longitudinal, torsional and lateral [63].  Each mode has its own 
displacement patterns, resonant frequency and Q-factor.  Normally the resonant frequency of 
the modes is designed to be dependent of change of resonator mass (mass loading), internal 
forces or stress and change of stiffness of resonator. 
An unbalanced resonator design yields energy losses at the mount due to reaction forces 
required to maintain the unbalanced resonator vibration which reduces the Q-factor.  In order 
to be perfectly balanced, a vibrating structure must have a fixed centre of gravity and the sum 
of forces and moments resulting from the vibration should be zero [62]. 
  
2.5 Excitation and Detection Methods of Resonant Sensor 
 
The excitation drives the resonator into vibration and the detection measures the response of 
the resonator. There are a few considerations in selecting the excitation method [74]: (i) 
Material effect; (ii) The size of actuation force; (iii) The fractional stroke (displacement per 
unit length) of the actuator; and (iv) Any temperature dependence.  It is very important to 
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make sure that the selected excitation and the detection arrangement does not introduce any 
deterioration in the Q-factor in terms of residual stresses and damping [62].   
As shown in Figure 2.6, there are several types of excitation techniques with their 
associated detection methods [62, 63].   
 
 
 
 
 
 
 
 
Figure 2.6 Excitation and detection technique of resonant sensor [62] (a) electrostatic -
capacitive; (b) dielectric technique; (c) piezoelectric [62, 74]; (d) Resistive Heating-
piezoresistive; (e) Optical heating-detection; (e) magnetic excitation-detection  
 
 
 
2.5.1 Electrostatic Excitation and Capacitive Detection 
The technique requires two electrodes arranged in a close proximity, where one of the 
electrodes is the resonator (Figure 2.6(a)).  Applying an alternating voltage across the 
electrodes results in an alternating electrostatic force on the resonator element.  The capacitive 
detection is based on the fluctuation of the charged capacitor (i.e. electrodes with varying 
distance) which causes a current [63].  Converting the current to a voltage and sweeping 
through the resonator frequency will determine the resonator response. 
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2.5.2 Dielectric Excitation and Detection 
The technique uses of a sandwich structure consisting of a thin dielectric layer between an 
upper and a lower electrode (i.e. the resonator element) (Figure 2.6(b)). An applied voltage 
creates attraction forces between the two electrodes, which will deform the dielectric material.  
The layer deformation causes lateral stresses to the dielectric material which results in a 
bending action of the multilayer structure.  The response of vibration can be detected by 
measuring the change of capacitances due to the change in dielectric layer thickness of the 
material [62].   
 
2.5.3 Piezoelectric Excitation and Detection 
 
A piezoelectric material has built in dipole charges.  The material produces a voltage when a 
mechanical stress is applied or conversely will deform if it is subjected to a voltage [15, 63] 
(Figure 2.6(c)).   
2.5.4 Resistive Heating Excitation and Piezoresistive Detection 
As shown in Figure 2.6(d), a thermal heating can be accomplished by heat dissipations in an 
integrated diffused resistor. The heat creates a local material expansion which results in a 
resonator element deflection.  The resonator deflection will induce stresses to the silicon 
structure;  the resonator vibration is measured accordingly based on a change in material  
resistance .  
 
2.5.5 Optical Heating and Detection 
A periodically activated laser focused on the resonator is used to generate thermal stresses and 
induce the vibration (Figure 2.6(e)).  A typical setup of an array of vertical cavity surface 
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emitting lasers, collimating optics and a position-sensitive detector (PSD) may be used to 
measure resonance frequency;  The PSD will capture the laser beam reflected from the tip of 
the vibrating resonator [75]. 
 
2.5.6 Magnetic Excitation and Detection 
 
The force resulting from the interaction between the electrical current through the structure 
and a magnetic field (external magnetic field) has been used for resonator excitations (Figure 
2.6(f)).    The vibration of the resonator (a conductor) in a magnetic field creates an induced 
voltage, which can be used to measure the vibration responses [62]. 
 
Comparing between the six techniques, the electrostatic and capacitive technique was chosen 
to drive and readout the CMRA sensor structure.   Although, the dielectric approach is a 
promising technique, it is only suitable for the materials with a very high dielectric constant 
such as PZT [62, 63].  The piezoelectric is an effective excitation technique; however, since 
silicon will be used to fabricate the CMRA,  a piezoelectric material such as zinc oxide has to 
be deposited on the silicon layer. The technique increases risk of Q factor reduction due to 
increase of the temperature sensitivity as a result of thermal expansion coefficient mismatch 
between different material layers [62, 74].   
Considering resistive heating - piezoresistive detection technique, the approach is 
limited only to out of plane motions.  Furthermore, the heating process may change the 
material properties as the temperature rises and may affect the resonator performance. The 
optical heating approach is an attractive technique; however, measurement of motion is not 
very accurate due to the noise induced by the optical laser beam (shot noise and non-linear 
heating) [62, 76].  While the magnetic excitation and detection technique  can be easily 
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realized with the help of an external magnetic field; the technique becomes quite weak on a 
micro-scale device. 
The electrostatic excitation and capacitive detection technique is a simple approach to 
exploit in the concept of the CMRA sensor structure.   The technique can be realized using 
comb drive actuators, which can be incorporated in the design of the coupled resonators.  
However, the comb drive actuator need to be properly designed in ensuring a sufficient 
capacitance in order to drive and readout the resonator output signal.   
 
 
2.6 Coupled Resonators  
 
 
To date most of the research on coupled resonators have been used to improve the 
performance of a micro-electromechanical system (MEMS) or nano-electromechanical 
system (NEMS) [70, 77-80].  The collective behaviours of the coupled resonator arrays 
structure was used to enhance the performance of devices such as a single resonator for 
oscillator applications [77] [78, 79],   RF filters [81-87],  magnetometers and mass sensors 
[43, 44, 88, 89].  In addition, the coupled resonator structure also had been employed to study 
the nonlinear effect of an array of resonators [90] and nonlinear phenomenon such as intrinsic 
localized modes (ILMs) [91]. For all the applications, the resonator coupling has been 
achieved either by using capacitive couplings [81, 83, 84, 90, 92] or mechanical spring 
couplings [70, 77, 78, 82, 85, 88, 89, 93, 94].   
Considering the application of the coupled resonators for an ultra-sensitive mass 
sensing [88, 89]; the research employed micro cantilever resonators which are coupled 
together by an overhang (Figure 2.7).  A concept of mode localization of the coupled 
resonator was applied in order to analyse the sensor performance.   The concept is realized in 
the sense that in each eigenmode one structure oscillates more than the other; and the change 
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in eigenmode are unique to the cantilever to which mass is added.  The research used the 
unique eigenmode as a characteristic ‘fingerprint’ that identifies the particular cantilever 
where mass has been added. 
 
Figure 2.7  Photograph of the array of fifteen coupled cantilevers [88] 
 
Research led by DeMartini  et al. [43] also used the mode localization concept of overhang 
coupled cantilevers to present a number of frequency-mistuned micro beam resonator mass 
sensors.  Each cantilever resonator which is individually functionalized for a specific analyte 
were coupled to a common shuttle mass for actuation and readout measurement purposes.  
The sensors rely on the strong mode localization to ensure effective mass sensing.  In the 
presence of strong mode localization any change of mass induces a markedly shift in the 
resonance frequency associated with the altered resonator, which is then used to determine the 
species of the analyte.  With 4 mistuning micro beams sensors [44] the research was able to 
distinguish between toluene, methanol vapours and mixture of the two vapours. Comparing to 
the work in [43, 44, 88, 89] which used the mode localization approach (shift of the response 
amplitude), the CMRA used the resonant frequency shift as the approach for mass detection. 
The coupled resonators approach is also employed to improve the filter performance 
due to manufacturing process variations effect. Wang and Nguyen [82] demonstrated the use 
of coupled resonators to suppress pass-band distortion due to finite-mass and process 
mismatch nonlinearities.  A 2D array structure strongly coupled in one direction and weakly 
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coupled in the other direction was used to reduce the effect of vibration localization in filters 
due to the effect of manufacturing process mismatch nonidealities [86]. 
 
2.7 Comb-Drive  
 
The comb-drive actuator is normally used for performing tasks that can be easily integrated 
within a chip.  It is easily controlled and consumes little power [95]. It can perform tasks such 
as positioning devices, probes and heads; it has been employed in micro grippers, force-
balanced accelerometers, laterally oscillating gyroscopes and radio frequency (RF) filters 
[96]; it may be designed as a resonator sensor with servo feedback for readout or self-test.  
The comb-drive based on the electrostatic actuator has low temperature dependence and 
the performance is material independence.  The performance of the comb-drive purely 
depends on the geometrical dimension of the fingers and the effect of the input voltage.  The 
fabrication processes of the structure is compatible with CMOS processes.  The operation of 
the comb drive is easy to understand and it produces a force that scales well to the micro 
dimension [74].  Due to features of  the comb-drive, it  provides a simple and cheap approach 
to drive and readout the CMRA sensor structure.  Hence, the structure is selected and will be 
incorporated in the CMRA design structure.   
2.7.1 Important Design Criteria of Comb-Drive 
 
 
 
Figure 2.8 Important design geometry of comb drive 
b 
xo 
g 
hf b 
32 
A comb-drive actuator consists of moving and fixed conductive fingers.  The comb-drive 
working principle is based on an electrostatic force that is generated between biased inter-
digitated conductive combs [97].  The magnitude of electrostatic force depends on the applied 
voltage as well as the geometry of the fingers (Figure 2.8).   
The most common comb design consists of rectangular fingers (Figure 2.8) which exhibit 
constant force output over a wide range of displacement and allow capacitances to vary 
linearly with engagements [97-99].  The electrostatic forces increase with increasing size of 
beam width (b), number of comb fingers [100], and initial overlapping between moving and 
fixed comb fingers (xo) [101], and with decreasing gap spacing (g) [102-104].  
The electrostatic force, Fel [100] is calculated as: 
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1 ε
δ
δ
==       (Equation 2-8) 
Where δC/δx: change of capacitance [F/m]; v: input voltage [v]; n: total number of fingers;  
εo: permeability in free space = 8.85 x 10-12 Cb2/Nm2 ; b: width of finger [m] ; and g: gap 
between fingers [m].   
A comb displacement, x[m] when the electrostatic force is acting on the spring used to anchor 
the comb-drive, and the capacitance between the fixed and moving comb fingers, C [F] are 
[100]: 
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Where kx: stiffness of anchor spring in the direction of comb drive displacement. 
In normal cases, the comb drive design should obtain a large displacement (x) and provide  
continuous motion capability (i.e. stable motion) [105].   
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2.7.2 Comb Drive Design for Large and Stable Displacement 
 
A large comb displacement is important to generate a large capacitance or electrostatic force 
to drive the comb.  While, a stable displacement is important to ensure continuous comb drive 
motions without any finger ‘sticking’ due to side instability [101, 104].  
Referring to Equation 2-9, the comb displacement may be increased by decreasing the gap 
design, g or increasing the input voltage.  However, with the small gap spacing or too high 
input voltage the comb actuator became unstable  [102, 106].  The equivalent negative spring 
constant, when the moving comb is placed at the centre of the comb gap, ke is given by [107]: 
g
Vxh
y
Fyk ofoe 3
22ε
δ
δ
==       (Equation 2-11) 
 
The mechanical spring constant which linked to the comb drive, ky (y-axis is a direction 
perpendicular to the comb drive movement) keeps the position of the moving comb against 
the instability of the electrostatic force. The comb stays stable if  ky is larger than ke , or : 
 
g
Vxhk ofoy 3
22ε
〉        (Equation 2-12) 
 
Hence, the stability can be increased if the gap size (g) is increased, or the comb thickness 
(hf),  initial overlapping of comb (xo) and applied voltage (V) are decreased.  Otherwise, the 
suspension to anchor the comb-drive needs to be redesigned to increase the spring constant of  
ky. 
 Several design alternatives of suspension systems used to anchor the comb-drive had 
been proposed for increasing the displacement and stability of the comb-drive [100, 103-107].  
The suspension system must be compliant in the direction of the comb displacement and stiff 
in the orthogonal directions. 
Legtenberg  et. al [100] proposed a folded flexure beam suspension system which was 
connected to the centre of the beam that is able to hold a large number of comb fingers 
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(Figure 2.9(a))  .  The system produces a large displacement comb drive at low driven voltage 
and reduces the side instability.  Elata and Leus [103] proposed the use of folded beam 
suspensions with pre-curved beams; the moving comb can then be constrained to move only 
in the primary direction and the side pull-in instability can practically be avoided.   
             
 
        
Figure 2.9  Suspensions and comb finger designs  (a) Folded Flexure Beam [100]; (b) An 
initially bent suspension beam [104]; (c) a hybrid spring with a n-shaped joint [105]; (d) 
Angled comb finger [108, 109] 
 
Grade et al. [104] proposed a customized suspension, where the beam was fabricated in an 
initially bent configuration (Figure 2.9(b))  .   They claimed the instability decreases over the 
range of actuation by a factor of 30%.  For maximum static displacement of comb drive 
actuator, Chen and Lee [105] proposed a new hybrid spring with a n-shaped joint (Figure 
(a) (b) 
(c) (d) 
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2.9(c)).  The research used an equivalent spring constant, ksy at the centre of overlap, instead 
of ky to accurately simulate the maximum static x-displacement.  By using ksy the stability of 
comb drive due to torsion effects was considered.   
Other researchers focus on the comb finger design for improving the comb-drive 
displacement and stability; Lee et al. [110] claimed that by making the ratio of height of 
fingers, hf to the height of anchor spring, hs significantly greater than one helps to achieve 
high displacement of the comb actuator. Increasing the hf  increases the generated capacitance; 
hence, the comb displacement will be increased. 
Rosa et al. proposed a new angled comb finger design (Figure 2.9(d)) [108, 109].  They 
claimed that the structure achieved twice displacement of a standard rectangular comb finger 
and demonstrated twice force generation capability and at the same time maintaining overall 
device stability.  
 
 
2.8 Manufacturing Variation in MEMS  
 
With the present micro fabrication techniques, process variation is inevitable which leads to 
variability in the product features and product performance [111]. As revealed by Adams et 
al. [112], identical micromechanical resonators will always have variations in resonant 
frequency even when fabricated on the same die. 
 Many research studies have been carried out related to the manufacturing variations in 
MEMS. Most previous studies focused on reducing the performance variability of MEMS at 
design stages [24, 111, 113-118]. Other research introduced  robust mechanical couplings to 
minimize the effect of inherent disorders in resonator arrays due to the fabrication variation 
[77, 78, 84, 86, 90, 119]. Few research studies have been conducted to estimate the 
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performance variation of the MEMS devices [120] and approaches to quantify the process 
variations [121]. 
2.8.1 Reducing the Performance Variability of MEMS at the Design Stage 
Mawardi and Pitchumani [111] developed analytical models for the variability in the 
resonance frequency as the function of the parameter uncertainty (i.e. geometrical structure 
and material property).  Their target was to minimize the variance of the natural frequencies 
and also satisfy target performance requirements. 
Dewey et al. [113]  presented robust design that minimizes the effects of parametric 
variability on overall performance of electrostatic comb-drive micro resonator.  The research 
presented the formulation of statistical noise-sensitivity reduction for optimizing design 
performance stability and assessed the relative contribution of each design parameter to the 
optimized performance variability. Codreanu et al. [117] performed a deterministic modelling 
and simulation (i.e. Monte Carlo Simulation ) using the ANSYS software in order to study the 
influence of the variability of design parameters on the performance of micro-comb 
resonators.   
Zhu et al. [118] proposed robust control laws for a parallel plate electrostatic micro 
actuator in the presence of uncertainties. In order to ensure the stability of the actuator, the 
research included the parasitic capacitance (due to layout, fringing field, or deformation of 
moveable plate)  and the parameter variations in the design of MEMS control systems.  
 
2.8.2 Performance Variation Estimation and Process Variation Quantification 
Schenato et al. [120] presented approaches to estimate performance variations for general 
planar suspended MEMS structure for low frequency applications.  Two approaches were 
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discussed, based on Monte Carlo Method (probabilistic) and robust optimization and 
semidefinite programming (SDP) approximation.  
Wittwer et al. [122] analysed and predicted the performance of the cantilever beam before 
fabrication by treating the material properties and dimensional parameters of the structure as 
random variables. The research concluded that the gauge uncertainties due to variations in 
material properties and dimensional parameters were found to be significant when compared 
with measurement repeatability especially for large cantilever deflections.  
 Li et al. [123] researched and discussed the origins of various DRIE fabrication 
tolerances  together with its effect on the performance of a lateral comb drive actuator in 
terms of electrostatic force, mechanical stiffness, stability and displacement.  
 Hong et al. [124] studied the feasibility of the resonators as a vibrating 
microgyroscope  with self-tuning capability.  From their research they found that the 
fabricated resonator of a particular design has process-induced non-uniformities that cause 
different resonant frequencies and the sensitivity of microgyroscope was low due to process-
induced non-uniformities.   
 Monitoring MEMS fabricated geometries is important to observe the change of the 
structure geometrical dimension due to the manufacturing variation effect.  Gupta [121] 
explored an approach to quantify variation by using an optical microscope.  He relies on the 
optical microscope and standard electronic test equipment used at the wafer level for 
independent measurements of geometry.   
As discussed above, the effect of process variations on the MEMS fabricated devices is 
inevitable.  Many researchers were focused to reduce the effect of the process variation in 
order to improve the device performance.   This research will examine the effect of process 
variation by measuring the geometrical dimension of the fabricated resonator;  the possible 
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effect of the variation on the coupled resonators is analysed.  The variation may reduce some 
response of the coupled resonators or it may enhance a uniqueness of the CMRA to facilitate 
the system odour discrimination. 
 
2.9 Summary and Focus of Thesis 
 
As discussed the artificial nose is significantly important to replace the biological nose in 
certain industrial applications.  This is due to the nature of the biological nose which is 
inconsistent in the detection performance and inherent conditions of the liquid and vapour 
which in the form of complex, volatile and hazardous compound.   
Many sensor technologies have been integrated in the artificial nose based on different 
working principles as described in Section 2.3.  Among those sensors, the resonant sensor 
such as QCM showed the highest sensor selectivity. Other resonant sensors provided room for 
further improvement in terms of sensitivity and response time. Many approaches are available 
to drive and readout the resonant sensor as reviewed in Section 2.5. The research of the 
CMRA structure will demonstrate the use of electrostatic excitation and capacitive detection 
to drive and readout the response of the coupled resonant sensor.  
As presented in Section 2.6, the coupled resonators (i.e. overhang coupled cantilevers) 
has been employed as mass sensors; it have been used to improve the performance of band 
pass filters, reduce the manufacturing process non-idealities, and to study the effect and 
phenomenon of non-linear behaviour in MEMS devices.  This research will exploit the 
approach of the coupled resonators as an alternative to simplify the complexity of a large 
artificial nose sensing system. The frequency response pattern of the coupled resonators may 
be used to monitor a state of each multiple resonant sensors. 
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The comb-drive actuator can be observed as one of the most versatile and robust MEMS 
structure. From the review in Section 2.7, the comb drive can be integrated for on-chip 
application and designed to suit certain MEMS requirement.  However, the performance and 
stability of the comb drive are limited by its geometrical design parameter, design of its 
anchor spring and the input voltage to drive the resonator.  This thesis will discuss the use of 
the comb drive as an actuator to drive the first version of the CMRA structure (CMRA-v1) in 
Chapter 3 and the application of the comb drive as a resonator sensor element of the second 
version of  the CMRA in Chapter 4 and 5. 
  As reviewed in Section 2.8, the presence of manufacturing variation significantly may 
reduce the performance of MEMS devices. However, the process variation itself may 
inherently help to improve some performance of the MEMS device such as in the case of 
coupled micro resonator array sensor structure (CMRA) [125]. Further analysis will be 
presented and discussed in Chapter 5; how the process variation may affect the performance 
of the CMRA sensor structure. 
In consequent to the reviews, Chapter 3 will discuss considerations and constrains of the 
design elements of the first version of the CMRA (CMRA-v1) which is fixed-fixed beam 
resonators coupled together with butterfly shape coupling springs. An improved CMRA-v2 
structure which is based on an integrated coupled comb-drive resonators is modelled and 
analysed in Chapter 4 and 5.  The fabrication processes of the CMRA are explained in 
Chapter 6. Overall measured frequency response of the CMRA and the CMRA sensor 
performance are discussed in Chapter 7.   
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CHAPTER 3    - DESIGN, MODELLING AND FINITE ELEMENT 
ANALYSIS OF CMRA-V1  
 
 
3.1 Introduction 
 
This chapter presents the modelling, finite element analysis (FEA) and performance 
evaluation of the first version of the coupled micro resonator array sensor structure (CMRA-
v1). Section 3.2 highlights design elements of the structure and justify all the design 
constraints and considerations of the sensor structure.  The detail design, modelling and 
performance evaluation of the CMRA-v1 structure (including fixed-fixed beam resonator, 
butterfly shaped coupling spring and tilted folded comb drive actuator) are described and 
discussed in Section 3.3, 3.4 and 3.5 respectively.  Section 3.6 analyses and discusses a design 
of the single fixed-fixed beam resonator coupled with a simple comb drive actuator for 
frequency response measurement and analysis of the single resonator (singleR-v1). Section 
3.7 summarizes the performance of the simulated CMRA-v1 structure element and overall 
achievement in Chapter 3.  
 
3.2 Constraints and Design Considerations 
 
As introduced in Chapter 1, the coupled micro resonator array (CMRA-v1) structure consists 
of 3 structural elements which are:- 
• Resonator sensor  
• Mechanical coupling spring  
• Comb drive actuators  
In order to design and model the CMRA-v1 structure, this research includes all the possible 
constraints and considerations which may affect the final geometrical design parameters of 
the structure.   
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 3.2.1 Drive-Readout System Constraint 
 
(a) 
 
 
 
 
 
(b) 
 
 
 
 
 
 
 
 
 
  
  
     
 
 
 
 
 
 
 
 
 
Figure 3.1  (a) A simplified schematic of sensing and processing system of an artificial nose 
using CMRA sensor structure; (b) Schematic of CMRA-v1 with 2 ports input/output (I/O) 
connections to measure the frequency response of the sensor structure 
 
 
Figure 3.1 (a) and (b) illustrate the CMRA-v1 structure and the drive-readout connections in 
order to monitor the output signal of the structure. As illustrated in Figure 3.1(b) the CMRA-
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v1 requires an input voltage, Vin (VAC) to drive the structure electrostatically.  A difference in 
voltage between the stationary and movable drive comb generates an electrostatic force to 
excite and vibrate the movable driven comb and the structure coupled to it.  The movement of 
the movable readout comb generates a current (iout) at the stationary readout comb due to the 
fluctuation of the capacitance between the two readout combs. The iout is converted to a 
voltage (Vout) by using the transimpedance amplifier.  The output signal is further amplified 
before it is measured.   
The resonant frequencies of the CMRA can be observed by connecting the amplified 
signal to the oscilloscope and sweeping through the range of natural frequencies of the 
CMRA using a frequency generator.  The frequency response of the CMRA structure 
(Amplitude-Frequency (A-F) curve) is measured and monitored on the computer by 
automatically sweeping the frequencies of the coupled structure via the shielded connector 
block (NI BNC2110) [126] and the data acquisition system (DAQ) (NI PCI-6133) [127].  The 
research focuses on a development of the CMRA structure (as highlighted in Figure 3.1(b) 
with red dotted line) and uses the readout measurement system (signal processing system) 
which was developed by Ross Turnbull, Oxford University.   
The developed readout system uses LM6084 transimpedance amplifier to convert the 
generated current at the readout port (iout) to an output voltage, Vout (Figure 3.1(b)).  An 
AD620 Instrumentation amplifier was used to further amplify the signal to VINA. Some 
requirements of these amplifiers are:- 
• The input bias current for the LM6084 [128] must be at least 1nA.  The LM6084 amplifier 
turns the current to 1mV voltage. Then the AD620 amplifiers [129] amplifies the 1mV 
voltage into 10 to 20 mV final output voltage which required by the readout facilities. 
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• From design specifications, the amplifiers are suitable to be used for a low frequency 
bandwidth application, i.e. between 10 to 100 kHz.   Increase in the frequency response 
reduces the performance of the amplifier.  For example, by increasing the frequency from 
10 to 100 kHz, the output voltage of the AD620 amplifier, VINA reduces from 28 to 4 Volts 
p-p.  The CMR (Common Mode Rejection) and PSRR (Power Supply Rejection Ratio) of 
the AD620 are also decreased about 20 dB [129]. 
The use of data acquisition system (DAQ), NI PCI-6133 [127] with 2.5 Ms/sec may also limit 
the frequency of the CMRA structure.  As an example, at the maximum of 200 kHz, the 
system only manages to measure around 12 points per cycle.  For more accurate 
measurement, the structure frequency must be reduced, to increase number of points that can 
be measured by the DAQ per cycle.    
 Taking into consideration the requirements and constraints of the readout facilities 
[129], the first version of the CMRA structure (CMRA-v1) was designed with the 5 
eigenfrequencies lie on a centre frequency around 50 kHz.   
 
3.2.2 Expected CMRA Output Signal 
3.2.2.1 Distinctive (Unique) Response Pattern 
 
It is important for the CMRA structure to have a unique frequency response pattern as a 
finger-print or a signature to represent each single or multiple resonator sensors .   Since the 
CMRA sensor structure is designed to selectively absorb a particular mass; so the signature 
can be used to associate the mass and the resonators which absorb the mass.  Hence, the 
identity of the mass can be traced. 
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3.2.2.2 Coupling Modes 
 
The frequency response pattern of the 5 coupled resonators depends on the 5 modal 
eigenfrequencies of the structure.  These eigenfrequencies correspond to the 5 eigenmodes of 
the coupled resonators. The CMRA structure must be designed to ensure that no unwanted 
coupling modes between the 5 main wanted modes.  The fundamental frequency of each 
element connected to the resonator (i.e. the mechanical coupling spring and the comb 
actuator) must be designed to be outside the range of the main 5 eigenfrequencies of the 
CMRA.  The unwanted coupling modes may decouple the synchronization of the structure 
movement.  In turn, it may reduce the sensitivity of sensor response and the measurability of 
the main response pattern of the sensor structure.   
 
3.2.2.3 Measurable (Readable) Signal 
 
The measurability of the CMRA output signal relies on the sensitivity of the readout 
measurement facilities, which in turn depends on the amount of the generated current, iout at 
the readout port (refer to Figure 3.1(b)). The current, iout is a proportion to the induced 
capacitance between the movable and stationary readout combs. It is related to the overall 
displacement of the coupled structure and the geometrical design of the comb fingers.   
Therefore, to ensure the output signal of the structure is measurable, the design of the CMRA-
v1 is guided by an aim to ensure the structure generates enough capacitance to satisfy at least 
the minimum amount of the iout at the readout port. 
 
3.2.3 Fabrication Constraints 
 
The main constraint deals with the limit of the lithography machine to transfer patterns of the 
structure design to the wafer.  The research uses a Canon Mask Aligner PLA-501FA in the 
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lithography process.  A minimum of 2 to 3µm structure size is proposed to be used for good 
resolution of the transferred patterns [130, 131].  In addition, the mask which is out-sourced 
also limits the geometrical dimensions of the CMRA structure. The practical resolution of the 
design to be written on the mask is at least 1µm [132].  To include the constraints of the mask 
design and the mask aligner machine, the research designs the CMRA-v1 with a minimum of 
2.5µm geometrical structure dimension. 
 
 
3.3 Design and Finite Element Analysis of the Fixed-Fixed Beam Resonator 
 
3.3.1 Design Considerations 
 
In order to reduce any possibility of energy losses (for high Q-resonator), the fixed-fixed 
beam with a lateral prime mode vibration was chosen as the resonator element of the CMRA-
v1.  Comparing the fixed-fixed beams (a bridge), and cantilever beam resonators, the fixed-
fixed beam is more sensitive to a change of a mass [133].   The lateral mode vibration may 
help to reduce energy losses due to viscous and acoustic damping.    
The damping losses can be reduced by facilitating the movement of gas surrounding the 
vibrating beam. This is accomplished by reducing the effective surface area of the resonator 
which is perpendicular to the resonator movement. This section analyses the structure 
performance based on a 5µm structure thickness. 
 
3.3.2 Fixed-Fixed Beam Resonator Design 
 
Figure 3.2 illustrates a schematic of the top view layout of the fixed-fixed resonator and its 
geometrical design parameters. The final geometrical design parameters was confirmed by 
examining how the geometrical design parameters may affect the natural frequency, effective 
mass and effective stiffness of the resonator using numerical analyses. 
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Figure 3.2 Schematic of a fixed-fixed beam resonator (top view) 
 
The natural frequency, ωn of the beam was determined by [63, 90, 134]:- 
 
eff
b
n
m
k
=ω ;        (Equation 3-1) 
 
Where, kb is an effective resonator stiffness and meff  is an effective mass of the resonator; The 
effective stiffness of the resonator, kb was estimated as follows [135, 136]:-  
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3hbI = ;  and   Leff  = L - Ls      (Equation 3-2) 
 
Where E: Young’s Modulus of the beam material (Silicon = 170x109 [Pa]); and  I: Second 
moment of area of the fixed-fixed beam; h: thickness of the beam. 
The effective mass of the resonator, meff, was determined using the Rayleigh – Ritz method 
[134].  Rayleigh’s principle is a common method used to find the natural frequency of 
vibrating systems.  The accuracy of Rayleigh’s method depends on how closely one can 
estimate the dynamic deflection curve.  The static deflection curve is often used to 
approximate the dynamic deflection for the fundamental mode  [134, 137]:- 
bceff mmm 35
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       (Equation 3-3) 
Where, mc:  a concentrated mass at the midspan of the beam (mc= bs Lsh ρsilicon); and mb: mass 
of beam of the resonator (mb= b Lh ρsilicon);  ρsilicon = 2329 kg/m3.   
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bs b 
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Details of the design parameter of the fixed-fixed beam resonator are presented in Table 3-1.  
 
Table 3-1 Details of the geometrical design parameter of a fixed-fixed beam resonator 
 
Geometrical Design Parameter Dimension [µm] 
Length of beam, L 500 
Width of resonator, b 3 
Length of controlled surface area, Ls 200 
Width of controlled surface area, bs 10 
 
3.3.3 Modelling and Finite Element Analysis (FEA)  
 
The finite element analysis (FEA) was used to further model and analyse the structure 
performance.   The modelling was performed using COMSOL Multiphysics Software to 
determine the performance of the resonator including the natural frequency, the effective 
stiffness and mass, and frequency response (Amplitude-Frequency curve) of the single 
resonator.  Appendix A highlights  the important considerations in FEA using COMSOL 
software which includes  the simulation processes using the predefined physics modes and the 
effect of stability and mesh quality on the simulation result. 
 
3.3.3.1 Eigenfrequency of Single Resonator 
    
    
 
  
 
 
 
 
 
 
 
 
 
Figure 3.3  Eigenfrequency analysis result of fixed-fixed beam resonator 
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The natural frequency and mode shapes in COMSOL are determined using eigenfrequency 
analysis. The eigenfrequencies in COMSOL are related to eigenvalues, λ; (λ = ω2).  By setting 
the material properties of the structure (i.e. silicon), boundary constraints (fixed and free 
elements), solver parameters and initializing structure mesh, the solver returned the 
frequency, f value through Equation 3-4 [138].  Figure 3.3 shows the result of the 
eigenfrequency analysis of the beam (f ~ 48760 Hz), with neglected damping condition. 
                
2pi
λ
=f         (Equation 3-4) 
 
 
3.3.3.2 Effective Mass and Stiffness of Single Resonator 
                                              
  
 
 
 
 
 
 
 
 
 
                                                                          
                                                                          
Figure 3.4  Static analysis result of the fixed-fixed beam resonator 
 
 
The spring constant (stiffness) of the resonator, k can be found from a linear relationship 
between force, Fy and displacement, δ:- 
 k = Fy / δ        (Equation 3-5) 
 
In COMSOL the analysis was performed using static analysis and the parametric solver, 
which required multiple inputs or a range of input forces.  As shown in Figure 3.4 (a), by 
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setting the input force Fy at the midspan of the beam, the solver returns the static 
displacement of the beam Figure 3.4 (b). Equation 3-5 is used to calculate the spring constant 
of the fixed-fixed beam resonator.  The effective mass was calculated by substituting the 
spring constant and natural frequency of the resonator in Equation 3-1, which returns meff = 
2.92 x 10-11kg. 
 
3.3.3.3 Frequency Response of the Fixed-Fixed Beam Resonator 
 
This analysis was performed using the parametric solver to determine the Amplitude-
Frequency (A-F) curve of the resonator.  The frequency response, Ffreq, in COMSOL is 
calculated using Equation 3-6 [138]:- 






+= 180
)(2cos)( pipi fFftfF PhAmpfreq FF      (Equation 3-6) 
The software solves for a steady state response from harmonic excitation loads, F, with a 
range of excitation frequency, f near the fundamental frequency of the resonator (which is 
determined from the eigenfrequency analysis).  To analyse the response of the fixed-fixed 
resonator, the analysis assumed and set F= 1x10-6N and f = 45000-55000Hz.  FAmp is an 
amplitude factor and Fph, is a phase shift, which were set to 1 and 0 (based on default value) 
respectively.   
The frequency response curve also depends on the damping parameter, c.  In COMSOL 
modelling, the damping parameter c is expressed in the form of mass, m and stiffness, k based 
on the Rayleigh Damping Model:- 
κβα dKmdMc +=        (Equation 3-7) 
Where, αdM: Mass damping parameter; and ßdK:  Stiffness damping parameter. The 
relationship between Rayleigh damping parameter and damping factor or damping ratio, ξ 
[138]:- 
50 
 




 Π+
Π
= fdKf
dM 2
22
1 βαξ  ; Qm
c
c
c
nc .2
1
2
===
ω
ξ
  (Equation 3-8) 
 
Where, cc :  critical damping;  f: excitation frequency; ωn : natural frequency of the structure 
and Q: the resonator quality factor.  By setting the value of αdM and ßdK the appropriate 
damping condition can be modelled in COMSOL. This section examines the performance of 
the fixed-fixed beam at different damping factors, ξ. = 5e-5, 5e-4, 5e-3, 0.05 (or Q = 10000, 
1000, 100, 10 respectively) and at no damping condition.    
 
3.3.4 Performance of  the Fixed-Fixed Beam Resonator 
 
 
Table 3-2  Performance parameter of the fixed-fixed beam resonator 
 
Description of Performance Parameter Numerical Analysis Simulation 
Natural frequency, f  [Hz]  49990.00 48759.97 
Effective stiffness of  beam, kb [N/m] 2.94 2.74 
Effective mass of  beam, meff [kg] 2.98 x 10-11 2.92 x 10-11 
Force, F  [N]  (at δy = 1x10-6 [m]) 2.9 x 10-6 2.8 x 10-6 
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Figure 3.5  Frequency response analysis of fixed-fixed beam resonator  
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Table 3-2 lists the analysed performance of the fixed-fixed beam resonator using numerical 
analysis and FEA.  As can be observed, the parameter which was analysed using numerical 
analysis is slightly higher compared to the FEA result.  This is expected due to over 
estimation of the effective mass and stiffness of the resonator which was evaluated based on 
static deflection curve.  From the analysis, the beam requires at least 2.8µN forces to displace 
the resonator to 1µm.  
Figure 3.5 shows the frequency response analysis result for the fixed-fixed beam 
resonator at different quality factors, Q (10, 100, 1000 and 10000) and at no damping 
condition.   Increasing the damping factor, ξ reduces the response amplitude and increases the 
response bandwidth of the resonator.   For example, increasing the damping factor from 5 x 
10-5 to 5 x 10-4 (10x) reduces the amplitude of the beam to a factor of 17. The damping 
diminishes the Q-factor of the resonator and flattens the A-F curve of the resonator.  This 
research mitigates the effect of damping by measuring the response of the resonator in a 
vacuum condition. 
 
 
3.4 Mechanical Spring Coupling 
 
3.4.1 Design Considerations 
 
The performance of the sensor structure mainly depends on the displacement of the sensor 
along the excitation axis.  Therefore, the spring must be more flexible along the excitation 
axis and rigid in the perpendicular axis.  To ensure the CMRA works effectively, the 
mechanical springs must be designed so that not to introduce any unwanted eigenmodes 
within the main modal frequencies of the coupled structure.  
To date most of the existing micro springs reported in the literature [119, 139-143] do 
not meet these requirements. For example with simple zigzag shape spring (Figure 3.6), the 
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spring may introduce spurious responses due to torsion and elongation of the spring element 
in Y-axis during the operation [144].  As a consequence the response amplitude (X-axis) of 
the sensors structure may be reduced.   
  
 
  
 
Figure 3.6  Scanning Electron Microscope (SEM) image of zigzag coupling spring 
 
Overall frequency bandwidth of the response relies on the mechanical coupling [145] between 
each resonator. The spring should be designed, so that the stiffness can be controlled easily by 
configuring the design parameters of the spring.  Considering all the constraints, this research 
introduces a new closed loop butterfly shape spring, in order to couple the resonator array 
sensor structure together.  
 
3.4.2 Closed Loop Butterfly Shape Spring Design  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3.7 Schematic of a closed loop butterfly spring design used to couple 2 fixed-fixed 
beam resonators 
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Figure 3.7 shows a schematic diagram of the butterfly spring design. The spring was designed 
with joined-tilted beams in order to increase the displacement of the springs along the 
excitation axis.  Any possibilities of the torsion and elongation of the spring elements in x-
axis are reduced by fixing the middle of the spring structure.  Table 3-3 highlights the detail 
geometrical design parameter of the spring.  
 
Table 3-3  Details of geometrical design parameter of butterfly spring (Figure 3.7) 
 
Geometrical Design Parameter Dimension [µm] 
Width of spring element 1, S1 2.5 
Width of spring element 2, S2 7.9 
Width of spring element 3, S3 10 
Width of spring element 4, S4 15 
Tilted angle of element 1, θ 11o 
Spring width 1, bsp1 10 
Spring width 2, bsp2 71 
Spring width 3, bsp3 103 
Spring width 4, bsp4 255 
Spring length, Lsp 500 
 
3.4.3 Performance of Butterfly Spring using FEA 
 
Table 3-4  Performance parameter of butterfly spring 
Performance Parameter Value [unit] 
Natural Frequency, ωn(sp) 30545.6 [Hz] 
Spring constant, kcsp (y), kcsp (x) (y) 0.4578 [N/m];  
 (x) 2.772 x104 [N/m] 
Static displacement , Y (at maximum 1e-5 force [N]) 22 [µm] 
Spring effective mass, meffsp 1.2429 x10-11 [kg] 
 
Finite element analysis using COMSOL Multiphysics was used to examine the performance 
parameter of the butterfly spring, which includes the natural frequency and mode shape of the 
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structure, the spring constant and effective mass of the structure.  The analyses were 
performed   as discussed earlier in Section 3.3.3. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3.8  Static analysis result of butterfly coupling spring 
 
 
Table 3-4 highlights the simulated parameter of the designed butterfly spring; with the 
fundamental mode of the spring is 30.546 kHz. The stiffness ratio of the spring (kcsp(x)/ kcsp(y) 
is 6.06 x104.  From the static analysis result (Figure 3.8 (b)), at 1µN force the spring displaces 
at 2.18µm.   
To examine whether any possibility of unwanted eigenmodes may be introduced by the 
designed butterfly spring within the main modal frequencies of the coupled structure, the first 
six eigenmodes of the structure were observed (from eigenfrequency analysis).  Figure 3.9 
illustrates the first 6 eigenmodes (of the 6 eigenfrequencies) of the simulated butterfly spring.  
From the analysis, it was observed that only the second mode of the spring (f(2) = 61.116 
kHz, Figure 3.9(b)) is quite close to the targeted range of the designed frequency of the 
CMRA (i.e. 50 kHz). At this mode the spring starts to twist (Figure 3.9 (b)); however, the 
fixed mid-joined beams helped to reduce any displacement of the spring in x-axis. Further 
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analysis is required to examine the effect of the coupling constant on the frequency response 
(A-F curve) of the coupled structure.  
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3.9  Eigenfrequency analysis result of the first 6 eigenmodes of butterfly spring: (a) 
mode1: 30.546 kHz (fundamental mode); (b) mode2: 61.116 kHz; (c) mode3: 119.592 kHz; 
(d) mode4: 139.639 kHz; (e) mode5: 235.256 kHz; (f) mode6: 291.452 kHz. 
 
3.4.4 Effect of Coupling Constant  
 
In analyzing the effect of coupling stiffness, kc on the frequency response of the coupled 
system, two designs of the butterfly spring (sp1 and sp2) with varied coupling stiffness were 
considered and compared with the coupling spring which was presented in Section 3.4.2.; kc 
(sp1)= 0.1149N/m, kc(sp2)= 0.6746,  and kc(spCMRA-v1, Section 3.4.2)= 0.4578 N/m.  
 
 
 
 
 
 
(d) 
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(f) 
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(b) 
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Table 3-5  Geometrical design parameters of the coupling spring (All dimensions in µm unit) 
 
Geometrical Parameter Description sp1 sp2 
Width of spring element 1, S1 [µm] 1 1 
Width of spring element 2, S2 [µm] 10.7 10.5 
Width of spring element 3, S3 [µm] 10 10 
Width of spring element 4, S4 [µm] 12 12 
Tilted angle of element 1, θ 11o 11o 
Spring width 1, bsp1 [µm] 23 36.5 
Spring width 2, bsp2 [µm] 53 53 
Spring width 3, bsp3  [µm] 72 45 
Spring width 4, bsp4  [µm] 182 155 
Spring length, Lsp  [µm] 312 175 
Spring thickness, h  [µm] 5 5 
Natural Frequency, ωn [Hz] 29930.3 84449.9 
Effective mass, meff  (x 10-11) [Kg] 0.32 0.24 
Coupling stiffness, kcsp  [N/m] 0.1149 0.6746 
Stiffness ratio (kb: kcsp) 25.6:1 4.1:1 
 
To design sp1 and sp2 the geometrical dimensions of the butterfly spring in Figure 3.7 
(Section 3.4.2) were modified.   The spring length (Lsp) and the spring width (bsp) were 
adjusted to produce the required spring constant.  Table 3-5 highlights the final geometrical 
dimension of the 2 springs including its spring constant and a coupling stiffness ratio between 
the fixed-fixed beams resonator (kb = 2.74 N/m) and the coupling spring, kcsp (kb: kcsp). Please 
note that the coupling stiffness of each spring was determined using FEA. 
 
 
 
 
 
  
 
 
 
Figure 3.10  Schematic of 5 fixed-fixed beam resonators (R1(resonator 1), R2, R3, R4 and 
R5) coupled with butterfly coupling spring, sp 
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R2 
R3 
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To examine the effect of coupling stiffness and coupling ratio on the coupled resonators, each 
coupling spring (sp1, sp2, and spCMRA-v1) was coupled to 5 fixed-fixed beam resonators (refer 
to Section 3.3.2; the design of the fixed-fixed beam resonator). An example of the coupled 
structure is illustrated in Figure 3.10. 
Using COMSOL Multiphysics software, eigenfrequency analysis was performed to 
determine the modal frequencies (fM) of the coupled resonators.  The frequency response 
analyses were conducted to examine the overall pattern of the frequency bandwidth, 
separation of the modal frequencies and the response amplitude of the coupled structures. 
Each analysis was conducted at no damping condition with the excitation frequency, f within 
the range between the first and fifth modes of the natural frequency of the system as 
determined by the eigenfrequency analysis.  The harmonic excitation, F was assumed to be 
1µN, pulling in the +y-axis at R1 (Figure 3.10). The frequency response (Ffreq) of the coupled 
structure was monitored at another end of the coupled resonators, R5.  
 
Table 3-6  Eigenfrequency analysis result of the coupled structure using FEA 
 
Modal frequency of coupled resonators, fM [kHz] Spring 
kc [N/m] mode1 
 fM1 
mode2 
 fM2 
mode3 
  fM3 
mode4 
 fM4 
mode5 
 fM5 
sp1, 0.1149 48.2 48.6 49.4 50.2 50.8 
spCMRA-v1, 0.4578 48.5 49.6 51.8 53.8 55.1 
sp2, 0.6746 39.9 43.6 49.8 56.4 62.2 
 
 
As presented in Table 3-6, the five modal frequencies of the coupled resonators rely on the 
stiffness of the coupling spring.  Stiffer spring increases the bandwidth of the frequency 
response and reduces the amplitude of the responses.  For example when the resonators (fR = 
48.760kHz) were coupled with sp1 (kc = 0.1149N/m) the bandwidth of the 5 ripples is 2600 
Hz.  However, when the resonators were coupled using sp2 (kc = 0.6746N/m) the overall 
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bandwidth drastically increases to 22300Hz (Figure 3.11).  Comparing between the stiffness 
of the spring and the maximum amplitude responses of the coupled structure (Figure 3.11); a 
6x increase in the coupling constant, reduced 12x the response amplitude of the coupled 
structure.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3.11  The effect of coupling constant on the response amplitude of the coupled 
resonators 
 
By properly configuring the design parameters of the butterfly spring, the coupling stiffness 
can easily be controlled so as to adjust the separation of the modal frequencies and overall 
frequency bandwidth to suit with the application.   
 
3.4.5 Uniqueness of CMRA Frequency Response Pattern Analysis using FEA 
 
The performance of the CMRA mainly depends on the distinctiveness of the output signal 
when either any single or coupled resonators sensor absorbs the mass.  To analyse the 
uniqueness of the response pattern of the CMRA-v1, consider the 5 fixed-fixed beam 
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resonators which were coupled with the sp1 butterfly shaped spring (refer to Figure 3.10 and 
Table 3-5).   
Using COMSOL FEA, two type of analysis were performed (refer to Section 3.4.4);   
Eigenfrequency analysis was used to determine the frequency shift of the sensor structure 
when each of the resonator sensors mass is changed and frequency response analysis for the 
overall frequency response pattern of the CMRA structure.  Six tests were conducted (T0, T1-
T5). Test T0 determined the initial condition, where no mass was added to any of the 
resonators.  Five tests T1, T2, T3, T4 and T5 were conducted by separately adding a mass of 
0.5% of mc (concentrated mass at the midspan of the beam, ~2.33 x 10-13 kg) to the mass of 
each resonator R1, R2, R3, R4 and R5 respectively.  Table 3-7 highlights the shift of the 5 
modal frequencies of the coupled structure when each resonator (R1, R2, R3, R4, and R5) 
absorbs similar amount of mass separately.   
 
Table 3-7  Frequency response analysis result using FEA; the shift of 5 eigenfrequencies 
when the single resonator absorbs 2.33 x 10-13 kg mass separately   
 
Modal frequency of Coupled resonators, 
fM [Hz] 
Testing Condition 
 
 fM1  fM2  fM3  fM4 fM5 
T0: Initial condition (no added mass) 48638 48638 49407 50209 50772 
T1: +m @ R1 (mass added at R1 only) 48197 48615 49385 50196 50769 
T2: +m @ R2 48192 48626 49406 50189 50757 
T3: +m @ R3 48191 48638 49381 50209 50750 
T4: +m @ R4 48192 48626 49406 50189 50757 
T5: +m @ R5 48197 48615 49385 50196 50769 
 
 
As can be observed from Table 3-7, the shift of the modal frequency of the structure are 
always similar between R1 and R5 , or R2 and R4 when they absorbed similar amount of 
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mass.  Figure 3.12 shows an example of the frequency response pattern of the coupled 
structure for test 2 (T2) and test 4 (T4).   
Frequency Response Analysis of Symmetrical CMRA-v1
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Figure 3.12  Frequency response analysis result of constant mass CMRA 
 
From Figure 3.12, it can be seen that due to a symmetrical CMRA design with the constant 
resonator mass or identical resonators the response pattern of the first half of the resonator  
always mirrors the response pattern of the second half of the CMRA (i.e. R1 mirrors R5 and 
R2 mirrors R4).   
The constant CMRA produced a potential problem, where the effect of mass changes on 
the single resonator is ambiguous.  The change of the mass is difficult to associate with a 
particular resonator.  As a result the identity of the absorbed mass cannot be traced.  Further 
analysis is required to improve the CMRA design by breaking the structure symmetry to 
ensure a unique frequency response pattern either for a single or multiple resonator sensors.  
The CMRA structure improvement will be discussed in Chapter 4 and 5. 
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3.5 Comb Actuator 
 
3.5.1 Design Considerations 
 
The comb actuator was employed to drive and measure the output signal of the 5 CMRA-v1.  
The comb drive actuator should be designed so that enough capacitance is produced between 
the moving and fixed fingers. The induced capacitance is important to stimulate the 
electrostatic force to drive the coupled structure and to generate the current at the readout 
port, iout.  At least 1nA current is required in order to measure the response of the CMRA-v1 
(see Section 3.2.1). 
 As analyzed in Section 3.4.4, the main 5 eigenfrequencies of the coupled structure lay 
between 48.5kHz and 55.1kHz when coupled with the selected butterfly spring (spCMRA-v1).  
The eigenfrequency of the comb actuator should be designed outside of the main frequency 
range to reduce any unwanted mode couplings.  To ensure larger displacement of actuator for 
measurable response, the comb actuator must be flexible in the direction of movement (y-
direction).  Any possibility of side instability must be avoided by ensuring the actuator rigid 
in the x-direction. 
 
3.5.2 Comb Actuator Design 
 
Figure 3.13 depicts the schematic of the designed comb actuator for the drive and readout port 
and Table 3-8 highlights the main geometrical design parameters of the actuator.  The 
research used a tilted-folded beam to anchor the comb actuators.  The tilted-folded beam  was 
employed to improve the stability of the comb actuator and enhancing the stable travel range 
[107].  The increase of width of comb finger b,
 
and number of fingers, increases the 
electrostatic driving force.  However, the design needs to consider the effect of the design 
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parameters on the effective mass and the final size of the comb actuator.  Decreasing the gap 
also increased the generated electrostatic force.  However, too small gap may reduce the 
stability of the travel range of the actuator.    
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3.13 (a) Driven comb actuator; (b) readout comb actuator; (c) Geometrical design 
parameter of the comb fingers  
 
 
Table 3-8  Main geometrical design parameter of the comb actuator 
 
Description of Geometrical Comb Actuator Parameter Dimension [µm] 
Length of driven comb = Length of readout comb, LC  802 
Width of driven comb = width of readout comb, bC  988 
Width of tilted-folded beam, bB 3 
Width of comb finger, b 5 
Length of comb finger, Lf 20 
Overlapping distance of finger, yo 6 
Gap between fingers, g 2.5 
Total number of fingers, n; Driven comb ; readout comb 1173 
bB 
LC 
(a) (b) 
Lf yo 
b 
g 
(c) 
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Hence, it is important to estimate the effect of the selected geometrical dimensions on the 
performance of the comb actuator.  The research used the analytical analysis proposed by Rob 
et al. [100] based on a static behaviour of a comb drive in order to guide the comb actuator 
design:- 
The lateral electrostatic force, Fel stimulated in the y-direction at the driven comb can be 
estimated using Equation 3-9:- 
v
g
bn
v
y
CF oel 22 ...
2
1 ε
δ
δ
==       (Equation 3-9) 
 
Where v: applied dielectric potential [v]; n: total number of fingers;  εo: permeability in free 
space = 8.85 x 10-12 Cb2/Nm2; b: width of finger [m] ; and g: gap between fingers [m].  This 
electrostatic force is acting on the spring used to anchor the comb actuator, resulting in a 
deflection:- 
v
gk
bny
y
o 2
.
.
..ε
=
        (Equation 3-10) 
The capacitance between the fixed and moving comb actuator can be expressed:- 
 
( )
g
yybnC oo += ...2 ε        (Equation 3-11)
 
Where,  yo: Initial overlapping between fixed and moving fingers;   
The generated current (iout) due to the change of the capacitance (dc/dy) can be calculated 
from:- 
 Q = C.Vs        (Equation 3-12)
       
 
( )
ω....
.
dy
dCV
dt
dy
dy
dCV
dt
VCd
dt
dQi sssout ====     (Equation 3-13) 
 
Where, Q: stored charge in capacitor [coulomb]; Vs: Sense voltage [v];  ω: natural frequency 
of the structure [rad/s]. 
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A stable comb operation is bounded by | kx|>| ke |; where kx is the stiffness of the spring to 
anchor the comb actuator in perpendicular to the actuator movement; ke is the equivalent 
negative spring constant, when the moving comb is placed at the centre of the comb gap 
[102].   
  
( )
v
g
yybnk ooe 23 .
....2 +
=
ε
      (Equation 3-14) 
The comb actuator also becomes unstable when the driving voltage exceeds the side 
instability (Vsi), leading to side sticking of the moving and fixed fingers. 
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The maximum displacement of the comb actuator that can be obtained before side sticking, ysi 
is:-  
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3.5.3 Finite Element Analysis of Comb Actuator 
 
Due to the complexity of the design, FEA was used to analyse further performance parameters 
of the comb actuator which include the effective stiffness and mass of the actuator, the 
eigenfrequency and eigenmodes of the structure and the generated capacitance between the 
fixed and moving comb fingers.   
 
3.5.3.1 Effective Mass, Stiffness, and Eigenfrequency  
 
As presented in Section 3.3.3 and 3.4.3 the static analysis with parametric solver was used to 
estimate the stiffness of the actuator (ky and  kx).  Figure 3.14 (a) and (b) presents the static 
analysis result of the driven comb actuator. The actuator requires a minimum of 0.6µN force 
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to make 1µm displacement in y direction of movement.  Figure 3.15 illustrates an example of 
the eigenfrequency analysis result of the readout comb.  It was confirmed that the 
fundamental frequency of the comb actuators are outside the main frequency of the CMRA 
(48.5 – 55.1 kHz). 
 
 
 
    
 
 
 
 
Figure 3.14 Static analysis result of the driven comb actuator 
 
  
 
 
 
 
 
 
Figure 3.15  Eigenfrequency analysis result of comb actuator (fundamental mode of the 
readout comb (f = 3089.0 Hz)) 
 
3.5.3.2 Generated Capacitance  
In COMSOL a capacitance generation can be simulated in an electrostatic module using a 
stationary or parametric solver.  To simplify the modelling process the research analysed the 
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electrostatic field based on a two dimensional structure analysis.  In COMSOL the 
electrostatic field is related to the total energy required to charge a related capacitor [146]:- 
 ∫
Ω
Ω== dED
C
QWe ).(
.2
2
 ;  
V
QC
∆
=     (Equation 3-17) 
Where, Q: charge on the two conductive plate; C: Capacitance; ∆V: voltage difference across 
the plate; We: The stored electric energy in the capacitor, is readily available in the 
electrostatic application mode.  The software calculates We by integrating across D (electric 
displacement) and E (electric field).  To calculate C, Equations 3-17 are simplified relating 
between the stored energy and the voltage across the capacitor:- 
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     (Equation 3-18) 
The electrostatic field modelling relies on two subdomain settings; i.e. (1) the conductive 
plate (moving and fixed actuator) and (2) the surrounding air (Figure 3.16). Alternatively, the 
capacitance can be analysed using the energy method.  It requires one of the actuators to be 
set to a ‘port’ boundary, where a unit of voltage will be forced to the boundary. By setting the 
boundary of the second set of actuator and the air boundary to a ground and zero charge, and 
initializing the structure mesh, the solver returns the value of the capacitance.  
 
 
 
 
 
 
 
 
Figure 3.16  Capacitance analysis in electrostatic module with two subdomain setting of 
surrounding air and comb actuator 
 
Surrounding air 
Comb  
Actuator 
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Figure 3.17 Static capacitance and dc/dy of driven comb analysed using FEA 
 
Figure 3.17 presents the analysis result of the change of the capacitance (dc/dy) for the driven 
actuator at different relative displacements (finger overlapping) between fixed and moving 
actuators. At 6µm the initial overlapping, the related dc/dy is around 2 x 10-14F/µm.   
 
 
3.5.4 Performance of Comb Actuator 
 
Table 3-9  Performance parameter of the driven and readout comb actuator  (Note: * 
simulated result; ** numerical analysis result) 
 
Performance Parameter of comb actuator Value [unit] 
Natural Frequency ωn [Hz] *3089.0 
Effective stiffness of actuator, ky;  kx  [N/m]                                           *0.5855; *38140 
Electrostatic force, Fel [N] (at 5 V input voltage, driven comb) **0.52 x 10-6 
Displacement , Y [m] (at 5 V input voltage, driven comb) **0.89 x 10-6 
Generated capacitance, [F] (driven comb) **2.45 x 10-13 
Generated current, iout [A] (readout comb) 3.12 x 10-9 
Effective mass of actuator [kg] 1.554 x10-9 
 
Table 3-9 highlights the performance parameter of the comb actuator which was analyzed 
using numerical and finite element analyses. From the analysis, with 5V input voltage the 
Static capacitance, C [F] 
Change of capacitance, dc/dy [F/µm] 
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driven comb actuator displaces at least by 0.89µm.   The actual resonant amplitude of the 
structure may be estimated by multiplying the static displacement of the actuator with the Q-
factor of the structure. Assuming, a corresponding change of capacitance, at least 3nanoA 
current is expected to be measured at the readout port.  Hence, it satisfies the requirement of 
the readout measurement facilities. 
 
3.5.5 Driving the CMRA-v1 using the Designed Actuator 
 
To ensure the measurability of the output signal of the coupled resonators, the drive and 
readout actuator were rigidly coupled to the first and fifth resonator of the CMRA structure.  
The Eigenfrequency analysis was performed to determine the mode shape of the coupled 
structures.  Particular attention was given to the mode shape, where the comb drive actuator 
moves to pull the coupled resonators and the readout actuator.  The movement of the readout 
comb actuator will confirm the measurability of the output signal of the CMRA-v1. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                                                                         
Figure 3.18  Eigenfrequency analysis result of CMRA-v1 (mode 1) 
 
(a) 
 
(b) 
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Figure 3.18 shows the eigenmode of the coupled structure.  As can be observed from Figure 
3.18(b), the comb drive was displaced at a maximum movement (dark red colour) in y-
direction.  However, due to the large mass of the comb drive actuator compared to the mass of 
the resonator (1.554 x10-9 >>> 2.92 x10-11 kg), a node was created at R2 which caused a very 
small amplitude of the resonator.  Hence no displacement was observed at the readout 
resonator (dark blue colour). 
 In order to measure the frequency response pattern of the CMRA, the structure needs to 
be redesigned so that the mass of actuator and the mass of the resonator are significantly 
balanced (i.e. need to be designed with antinodes at the ends; will be discussed in Chapter 4). 
 
 
 
3.6 Single Fixed-Fixed Beam Resonator for Frequency Response 
Measurement  
 
A single fixed-fixed beam resonator with a simplified comb actuator was designed in order to 
measure the frequency response of the first version of the single resonator (singleR-v1).  
Figure 3.19 depicts the schematic of the structure. 
 
 
 
 
 
 
 
 
 
 
 
Figure 3.19  Schematic of a fixed-fixed beam resonator which rigidly coupled to a simple 
drive and readout comb actuator (singleR-v1)  
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3.6.1 Finite Element Analysis of the singleR-v1 
 
Table 3-10  List of analyses conducted using FEA to examine the performance of the singleR-
v1 structure 
 
Type of Analysis/ Solver Evaluated Performance Parameter 
1) Static/ parametric  Structure stiffness 
2) Eigenfrequency/  eigenfrequency  Eigenfrequency, eigenmode and effective mass 
3) Capacitive/ stationary solver capacitance 
4) Parametric/parametric solver Electrostatic force, structure displacement 
 
Table 3-10 summaries all the conducted analyses.   All analyses 1 to 3 are conducted similar 
to the analyses presented earlier in Section 3.3.3 and 3.4.3.   
The electrostatic force in COMSOL is modelled using 3 combinations of application 
modes which include Plane Stress, Moving Mesh (ALE) and electrostatic module. The final 
model was simulated using a parametric analysis and parametric solver with the Plane stress 
mode controls the overall ruling of the modes.  In this model an electric potential is applied to 
the fixed driven comb and the moving structure is grounded (Figure 3.19); the conditions 
were set in the electrostatic module.  COMSOL solves the electrostatic equation [147]:-  
 
0).( =∇∆− Vε
        (Equation 3-19) 
The electrostatic force density is 
 
2
.
2EFel
ε
=
        (Equation 3-20) 
 
Where, ε: material permittivity, V: voltage potential [v], and E: Electric field.    
The electrostatic forces attract the moving comb to the fixed comb, where the movement 
changes the electric field between them.  COMSOL uses the Arbitrary Lagrangian-Eulerian 
(ALE) application mode to keep track the movement of the structure.  Refer to Figure 3.22 in 
Section 3.6.2 for the electrostatic force analysis result.   
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 3.6.2 Performance of the SingleR-v1 Structure  
 
Table 3-11  Performance parameter analysis result of the single fixed-fixed beam resonator 
(SingleR-v1) 
 
Performance Parameter of comb actuator Value  
Structure stiffness ky  [N/m] 5.234 
Natural Frequency ωn[Hz] 22127.1 
Effective mass, meff  [kg] 2.708 x 10-10 
Change of capacitance,dc/dy [F/µm] 2.09 x 10-15 
Electrostatic force, Fel   [N] (at 5 v voltage potential) 1.07 x 10-4 
Generated current, iout [A] (assuming at 8 V sense voltage) 2.32 x 10-9 
 
 
 
 
 
 
 
 
 
Figure 3.20  Fundamental eigenfrequency of the fixed-fixed beam resonator (SingleR-v1), (a) 
3D view of structure analysis (x-y-z plane); (b) Top view (x-y plane) 
 
Table 3-11 presents the overall performance of the SingleR-v1 Structure.  By rigidly coupled 
the beam to the driven and readout comb, the stiffness of the structure increases from 2.74 
N/m (for single fixed-fixed beam only) to 5.234 N/m.  From the eigenfrequency analysis 
result (Figure 3.20) the fundamental eigenfrequency of the structure is 22127.1 Hz.  In this 
frequency mode, the comb actuator and the resonator move forward together in the y-
direction of movement.  Equation 3-1 which relates the effective stiffness, mass and natural 
frequency of the structure was used to calculate the effective mass of the singleR-v1 structure. 
 
 
(a) (b) 
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Figure 3.21  Static capacitance and change of capacitance (dc/dy) of the SingleR-v1 structure 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3.22  (a) Generated electrostatic force [N] at different voltage potential [v]; (b) Static 
displacement due to the generated electrostatic force. 
 
From the capacitance analysis result (Figure 3.21), with a 5µm initial overlapping structure 
fingers, the static capacitance is approximately 2.12 x 10-14F.  With 5V potential differences 
between the fixed and moving fingers, the structure generates 1.07 x 10-4N electrostatic force 
(Figure 3.22(a)), which causes 2.097 x 10-9m structure movement (Figure 3.22 (b)).  Due to 
the comb movement and fluctuation of the capacitance, it generates a current around 
2.32nanoA at the readout port. With the amount of the generated current, the response of the 
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singleR-v1 Structure is expected to be measurable (refer to Chapter 6 and 7 for structure 
fabrication and frequency response measurement result). 
 
                                                                                                                                                      
3.7 Summary and Conclusion 
 
The coupled micro resonator array (CMRA) was designed and modelled so that it can be 
fabricated (using in-house facilities) and the output signal can be measured using the available 
readout measurement facilities.  Therefore all the constraints of the expected output signal, the 
measurement and fabrication were included in the design stage of the structure (Section 3.2).  
The output signals of the CMRA which in the form of frequency response pattern of the 
coupled structure are related to the effective mass and stiffness of the coupled elements.  The 
effectiveness of the CMRA-v1 relies on the functionality of the fixed-fixed beam resonator, 
coupling stiffness of the butterfly spring to synchronize the motion of the resonators and the 
comb actuator to drive and readout the output signal. The structure was designed to ensure no 
unwanted coupling in between the five main eigenfrequencies of the structure.   
 The stiffness of the coupling spring affects the overall frequency response pattern of the 
CMRA. From the finite element analysis result of the butterfly spring (Section 3.4.4), 
increasing the coupling stiffness increases the peak to peak response bandwidth and the 
overall bandwidth of the 5 ripples frequency response and decreases the amplitude of the 
response.  The frequency response of the CMRA is also affected by the damping condition 
(viscous and acoustic damping). From finite element analysis of the single fixed-fixed beam 
resonator, the increase of damping factors reduced the response amplitude of the output signal 
and widened the bandwidth of the response. 
A unique frequency response pattern for a single or multiple sensor is a key aspect of the 
CMRA structure.  As analysed and discussed in Section 3.4.5, the response of the first half of 
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the sensor structure of the symmetrical coupled fixed-fixed beam resonators are always 
identical to the response of the second half of the structure when the structure absorbs similar 
amount of mass.   To enhance the uniqueness of the frequency response of the coupled 
resonators for CMRA sensor structure, further analysis will be discussed in Chapter 4. 
  To ensure the output signal of the CMRA is measurable, at least 1nanoA of current 
(iout) needs to be generated at the readout port of the comb actuator. The iout generation is 
controlled by the change of the capacitance (dc/dy) and the flexibility of the readout comb 
actuator to fluctuate in the y-direction of movement.  From the numerical and finite element 
analysis around 3nanoA current was estimated to be generated at the readout comb actuator. 
Based on the generated current, the structure is expected to be measurable.   
 When the comb drive actuator was coupled to the resonator (R1), the actuator failed to 
drive the CMRA structure.   The large designed mass of the comb drive actuator (i.e. 53x 
more than the mass of resonator) created a standalone node at the next resonator (R2). Hence, 
it is important to further examine the mass of the 5 coupled resonators and the actuators to 
ensure measurable output signals.  The overall effect of the mass and stiffness of the CMRA 
structure elements on the measurability of the output signal will be further analysed in 
Chapter 4 using a lumped mass model analysis.  
 Although other methods of excitation and detection (e.g. piezoelectric excitation and 
optical detection) may be used as an alternative to excite and readout the response of the 5 
coupled fixed-fixed beam resonators; but, it is outside the research scope.  To keep the 
electrostatic excitation and the capacitive detection scheme to detect the response pattern of 
the CMRA, the research improved the CMRA structure design by using an integrated coupled 
comb-drive resonator as the main structure element of the second version of the CMRA (will 
be discussed in Chapter 4 and  Chapter 5). 
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CHAPTER 4   IMPROVEMENT OF CMRA USING LUMPED 
MASS MODEL ANALYSIS 
 
4.1 Introduction 
 
This chapter evaluates and analyses the performance of the coupled micro resonator array 
(CMRA) structure using the lumped mass model approach.  Section 4.2 explains the overall 
lumped mass model of the CMRA structure which is based on an eigenvalue and eigenvector 
analysis.  Section 4.3 briefly presents re-evaluation of the CMRA-v1 structure using the 
lumped mass model.  Section 4.4 examines two alternatives of the lumped mass CMRA 
structures in order to improve the measurability of the CMRA structure output signal.  To 
establish the improved CMRA structures, Section 4.5 highlights keys design improvement of 
the structure. Section 4.6 evaluates, and discusses the alternatives of the staggered lumped 
mass CMRA structures in terms of the measurability of output signals, uniqueness of 
frequency response patterns and stability of system eigenvectors. Section 4.7 summarizes the 
overall achievement in Chapter 4. 
 
 
 
4.2 Lumped Mass Model of CMRA 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
Figure 4.1  Schematic of the 5 CMRA-v1 sensor structures 
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Figure 4.1, a schematic of the first version of the coupled micro resonator array (CMRA-v1) 
which was discussed earlier in Chapter 3.  The structure consists of 5 coupled resonators (R1, 
R2, R3, R4, and R5), and 4 mechanical coupling springs to couple the resonators together.  To 
drive and readout the output signal of the structure, 2 sets of comb actuators were rigidly 
coupled to both end of the resonators array. 
To re-evaluate the structure performance using the lumped mass analysis, the CMRA-
v1 structure is considered as a five degrees-of-freedom (DOF) system.  The structure is 
represented by 5 coordinates to describe its motion; i.e. x1, x2, x3, x4, and x5.   The 5-DOF 
system has 5 natural frequencies; each natural frequency is characterized by a natural state of 
vibration with a displacement configuration which is called normal mode [137, 148].    In 
mathematics they are referred to eigenvalues and eigenvectors.   
 
 
 
 
 
 
Figure 4.2  Free body diagram of the five CMRA structure 
The relationship between eigenfrequencies and eigenvectors is established from the equations 
of motion of the system.  Referring to the coupled resonators in Figure 4.1, consider a free 
body diagram of the system (Figure 4.2).  The equations of motion of the system in Figure 4.2 
are as follows:- 
At  M1: 
 
 
               
 
XC ɺ 11                             
X1 F1(t) 
KC1 (X1- X2) K1X1 
M1 
X1 X2 X3 X4 X5 
K1 
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FXKXKKXCXM CC 1211111111 _ = +++ ɺɺɺ      
(Equation 4-1) 
 
 
At  M2: 
 
         
   XC ɺ 22  
 
0322212112222 __ = ++++ XKXKKKXKXCXM CCCCɺɺɺ    
(Equation 4-2) 
                   
     
                          
 At  M3: 
 
                         
 
XC ɺ 33                               
                                   
0433323223333 __ =


 ++++ XKXKKKXKXCXM CCCCɺɺɺ    
(Equation 4-3) 
 
 
At  M4: 
                            
 
XC ɺ 44                               
                                   
0544434334444 __ =


 ++++ XKXKKKXKXCXM CCCCɺɺɺ  
          (Equation 4-4) 
 
 
     
At  M5: 
                          
                                                              
XC ɺ 55  
0545445555 _ =


 +++ XKKXKXCXM CCɺɺɺ     
(Equation 4-5) 
                
K2X2 
KC1 (X1- X2) 
M2 KC2 (X2- X3) 
KC2 (X2 - X3) 
K3X3 
M3 KC3 (X3 - X4) 
KC4 (X4 - X5) K4X4 M4 
KC3 (X3 - X4) 
K5X5 
M5 KC4 (X4 – X5) 
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The above equations of motion (4-1 – 4-5) of the system are simplified in a matrix form as: 
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          (Equation 4-6) 
Where, [ ]C  is a damping matrix; [ ]K  is a stiffness matrix; and [ ]F  is a force matrix; 
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In order to determine the natural frequencies and modes shape of the CMRA, the above 
system is examined under a free vibration and treated as an undamped system; where F1(t) = 0 
and [C] = 0. The system in Figure 4.2 is simplified as follows: 
 
 
 
 
 
 
Figure 4.3  Free body diagram of undamped CMRA structure 
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For normal mode motion of the system, every point of motions is assumed to be harmonic.   
To solve the harmonic motion,  X1, X2, X3, X4 , and X5  were substituted with a harmonic 
constant:- 
    
       
    
    
          (Equation 4-7) 
 
Substituting Equation 4-7 into Equations 4-6 and rearranging in a matrix form:-  
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.       (Equation 4-8) 
    
ω
2 
 [X]  =   [M-1] [K] [X]                       (Equation 4-9) 
 
Where; [M] is the mass matrix, [K] is the stiffness matrix and [X] is the displacement matrix 
of the system in Figure 4.3. The simplified Equation 4-9 denotes the matrix form of the 
eigenvalue problem.  
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Knowing the value of mass and stiffness matrices,  MATLAB may be used to solve the 
eigenvalue problem and so obtain the value of the five natural frequencies and the mode 
X5 = A5 sinωt;  = - ωA5 cos ωt;  Xɺ 5
 Xɺɺ 5
 
= - ω2A5 sin ωt;  
X1 = A1 sinωt; = - ωA1 cos ωt;  Xɺɺ 1
 
X2 = A2 sinωt;  = - ωA2 cos ωt;  Xɺ 2
 Xɺɺ 2
 
= - ω2A2 sin ωt;  
= - ω2A1 sin ωt;  Xɺ 1
 
X3 = A3 sinωt; = - ωA3 cos ωt;  
X4 = A4 sinωt;  = - ωA4 cos ωt;  Xɺ 4  = - ω
2A4 sin ωt;  
= - ω2A3 sin ωt;  Xɺ 3  X
ɺɺ 3
 
Xɺɺ 4  
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shapes of the CMRA structure can be estimated.  For example, using the MATLAB, the 
eigenvalues and eigenvectors are determined using a function of [V, d] = eig(E).  Where V 
contains the eigenvectors, d contains the eigenvalues and E = [M-1] [K] (refer to Appendix B 
for the example of MATLAB codes). 
 
 
4.3 Re-evaluation of the CMRA-v1  
 
 
As discussed in Section 3.5.5 (Chapter 3), due to the very large mass of the actuator, the 
actuator failed to drive the coupled resonators. As a result the readout comb actuator was 
unable to detect the frequency response of the coupled resonators. To evaluate the 
performance of the CMRA-v1 using the lumped mass model analysis, the value of the 
effective mass, and stiffness of the resonators, comb actuators and coupling springs were 
obtained from the finite element analysis in Section 3.3.4 (Table 3-2), Section 3.4.3 (Table 3-
4), and Section 3.5.4 (Table 3-9).  Table 4-1 summarizes the effective mass and stiffness of 
the CMRA-v1 structure elements. 
Using MATLAB the value of the effective mass and stiffness of the CMRA-v1 structure 
elements in Table 4-1 were substituted in Equation 4-9 in order to solve for the 5 eigenvalues 
and 5 eigenvectors of the coupled structure. Figure 4.4 shows the plot of the 5 eigenvectors of 
the CMRA-v1 structure for 5 structure eigenmodes.   
The measurability of the structure output signal is associated with the absolute 
movement of the structure (response amplitude) at the particular drive or readout point.  As 
can be observed at R1 (drive point) and R5 (readout point) the 2 large resonators displacement 
(mode 1 and mode 2) are only associated to the movement of the large mass of the actuators 
which was coupled to the structure array.  For mode 3, 4, and 5 the resonators approach zero 
displacement at both ends of the array. The large masses have created nodes between 
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actuators and resonators.  As a result the output signal of the structure at R5 is unable to be 
measured. 
 
Table 4-1 A summary of the effective mass and stiffness of the CMRA-v1 structure elements 
(Note: Kc1= Kc2= Kc3=Kc4= 0.4578N/m) 
Structure Elements Effective Mass 
Parameter [kg] 
Effective Stiffness 
Parameter [N/m] 
Resonator 1 (R1) and  
Driven comb actuator 
M1: 1.5832 x 10-9 K1: 3.3255 
Resonator 2 (R2) M2: 2.92  x 10-11 K2: 2.74 
Resonator 3 (R3) M3: 2.92  x 10-11 K3: 2.74 
Resonator 4 (R4) M4: 2.92  x 10-11 K4: 2.74 
Resonator 5 (R5) and  
readout comb actuator 
M5: 1.5832 x 10-9 K5: 3.3255 
 
 
 
 
 
  
 
 
 
 
 
 
Figure 4.4 Eigenmode analysis result of CMRA-v1 
 
  
4.4 Analysis of Improved Design 
 
In order to ensure a measurable output signal of the structure (i.e. drive at R1, readout at R5), 
the nodes at both end of the structure array need to be removed. The research explores several 
alternative structures by modifying the mass and stiffness of the CMRA-v1 structure (in Table 
4-1). Two alternatives are discussed:- 
• Alternative 1: The original stiffness were retained, but the masses of the coupled 
elements were changed, so that they are equivalent to M1 (Table 4-1).  
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• Alternative 2: The masses and stiffness of the coupled elements were changed, so that 
they have similar masses (M1) and similar stiffness (K2). 
Having resonators and actuators which have similar masses may balance the relative 
displacement of the coupled structure. Hence, the node between the actuators and resonators 
may be removed. Two alternatives were compared and the effect of the change of mass and 
resonator stiffness on the structure eigenvalues and eigenvectors were observed.  Table 4-2 
summarizes the modification of the effective mass and stiffness of the 5 coupled elements for 
the two structure alternatives.  Note that the 4 coupling stiffness used to couple the 5 structure 
elements remained 0.4578 N/m.  
 
Table 4-2 Modified effective mass and stiffness of the 5 coupled structures for structure 
improvement analysis  
 
Effective mass, M and stiffness, K [N/m] of the 5 
coupled elements Note: * (x 10-9) [kg] 
Alternative 1 Alternative 2 
Structure 
Elements 
M K M K 
1 1.5832* 3.3255 1.5832* 2.74 
2 1.5832* 2.74 1.5832* 2.74 
3 1.5832* 2.74 1.5832* 2.74 
4 1.5832* 2.74 1.5832* 2.74 
5 1.5832* 3.3255 1.5832* 2.74 
 
Using MATLAB, the lumped mass analyses were performed to determine the eigenvectors 
and eigenfrequencies of the coupled structures based on the two alternatives mass and 
stiffness parameters in Table 4-2.  Figure 4.5 shows the plots of the eigenmodes analysis 
result for each of the two alternatives.  Table 4-3 lists the 5 eigenfrequencies of the uncoupled 
structure and modal eigenfrequencies of the coupled structures for the two alternatives and 
CMRA-v1.  Table 4-4 highlights the normalized eigenvectors of the two structure alternatives 
compared to the CMRA-v1.  
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Figure 4.5 Eigenmode analysis result of 2 alternatives structure improvement of CMRA-v1 
 
Table 4-3 Eigenfrequencies (fR) and modal eigenfrequencies (fm) of the CMRA-v1 and 
structure alternatives 
CMRA-v1 Alternative1 Alternative2  
 fR fm fR fm fR fm 
fR1, fm1 
fR2, fm2 
fR3, fm3 
fR4, fm4 
fR5, fm5 
7294 
48753 
48753 
48753 
7294 
7718 
7720 
51089 
56321 
61100 
7294.3 
6621.1 
6621.1 
6621.1 
7294.3 
6790.0 
7219.0 
7735.7 
8179.5 
8459.3 
6621.1 
6621.1 
6621.1 
6621.1 
6621.1 
6621.1 
6829.1 
7345.8 
7938.2 
8386.8 
 
 
Table 4-4  Eigenvectors analysis result of the CMRA-v1 and structure alternatives 
 
Normalized Eigenvectors ( of 5 coupled structure) Alternative 
/Resonator (R) Mode1 Mode2 Mode3 Mode4 Mode5 
CMRA-v1 R1 
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For alternative 1 (Figure 4.5(a)), when the mass of the resonators are similar, the displacement 
of the resonators drastically is improved at R1 and R5.  As can be observed in Table 4-3 and 
Table 4-4, by having small differences between the eigenfrequencies of the uncoupled 
resonators, improved the relative displacement of the resonators. Although, the actual relative 
displacement of the resonator depending on the mass and stiffness configuration of that 
particular resonator. 
 Referring to alternative 2 (Figure 4.5(b) and Table 4-4), with the uniform mass and 
stiffness configuration (similar eigenfrequencies for the 5 uncoupled elements), differences of 
the proportion of the relative displacement between the 5 coupled resonators are small (i.e. 
balanced relative displacement). Hence, no standalone node is created between the 5 
resonators. Therefore, the measurability is confirmed at R1 and R5 for all the modes when the 
structures are coupled together.   
 From the above analysis results, the measurability of the coupled resonators depends on 
the eigenfrequencies, the mass and stiffness configuration of the uncoupled elements.  A large 
mass differences between the coupled elements will cause the standalone node at the 
particular resonator.   The large mass will reduce the relative displacement of the resonator, 
and hence the responses of the resonators are unable to be measured at that particular 
resonator.  The mass and stiffness configuration of the resonators determined the range of the 
modal frequencies of the coupled structures and the range of frequencies which dominate the 
movement of the coupled structures.   
Overall, the pattern or mode shape of the 5 coupled structures is directly related to the 
eigenfrequencies of each uncoupled element (fR) and the eigenvectors of the coupled 
resonators.   Therefore, we may configure the mass or stiffness of the resonator in order to 
control the eigenfrequencies of the coupled elements and modify the structure mass to control 
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the relative displacement (eigenvector) of the coupled structures.  With the harmonization of 
the relative displacement of the couple structures and the eigenfrequencies of the coupled 
elements will determine the measurability of the output signal of the structure as well as the 
final frequency response pattern of the coupled structures.   
 
4.5 Key Structure Improvement of the CMRA-v2 
4.5.1 Measurability of Output Signal 
The measurability of the output signal of the CMRA sensor structure relies on the balanced 
effective mass, stiffness of the coupled resonators, the mechanical coupling spring, and the 
actuators.  As discussed in Section 4.4, the measurability of the coupled structure is definitely 
improved when the mass and stiffness of the resonators and actuators are similar (constant 
mass and stiffness).  The main design challenge is to alter the mass and stiffness of the 
resonators and actuators, so that they are more or less similar.  The mass modification needs 
to be configured without compromising the amount of capacitance generated in the system 
(for the readout measurement). 
4.5.2 Unique Frequency Response Pattern 
As discussed in Chapter 3 (Section 3.2.2.1) a unique frequency response pattern is important 
as a signature to identify which single or multiple resonators absorbs mass.  As analysed in 
Section 3.4.5, with the symmetrical CMRA design (constant mass coupled resonators), the 
structure does not have a unique frequency response pattern for individual resonator mass 
changes.  The frequency response pattern of the individual resonator in the first half of the 
array are always similar to the resonators in the second half of the array, when the resonator 
absorbs similar amount of mass separately (i.e. the response pattern of R1 mirrors R5 and R2 
mirrors R4).   
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Since the mass and stiffness of the coupled structures control the  modal eigenfrequencies of 
the resonator, the symmetrical mass and stiffness configuration of the 5 resonators may be 
broke  (e.g. staggering the resonators mass) for a distinguishable frequency response pattern.  
However, it is very important to consider, the degree to which the 5 resonators are staggered.  
The staggered mass must not create a large change between the proportion of the  relative 
displacements of the 5 coupled structures; a large difference between the 5 eigenvectors, will 
increase risk that the response of some of the resonators with low relative displacement will 
not be measurable.   
 
4.5.3 Stability of Eigenvectors  
 
An eigenvector describes the relative displacement of any point on the structure as the 
structure vibrates in a single mode [136].  When one of the resonators of the CMRA absorbs a 
mass, the change of the mass may be identified by using an inverse eigenvalue analysis.  This 
requires knowledge of the perturbed eigenvalues (eigenfrequency after the structure absorbs 
the mass) and perturbed eigenvectors.  Since the perturbed eigenvectors are complicated to 
measure, the unperturbed eigenvectors will be used in the estimation of the mass changes 
pattern of the CMRA.  To reduce errors in mass estimation, it is important to ensure that the 
eigenvectors are stable against mass changes (i.e. comparable eigenvectors or comparable 
eigenmodes before and after mass is absorbed). 
 
4.6 Lumped Mass Model of the CMRA-v2 and Structural Analysis  
4.6.1 CMRA-v2 for Measurability of Output Signal 
 
To ensure measurable frequency responses, the research considers a new configuration of the 
CMRA structure based on the integrated coupled comb-drive resonators (Figure 4.6).  The use 
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of the comb-drive to replace the fixed-fixed beams resonators and simultaneously acts as 
actuators will solve the problem of large mass differences between the actuators and 
resonators and ensure sufficient electrostatic forces and capacitances for the drive and readout 
requirement.   
The new CMRA structure with balanced mass configurations between the resonators and 
actuators (i.e. constant mass and stiffness) will help to ensure measurability of the CMRA 
frequency response.  
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.6  The schematic of the improved version of CMRA-v2 structure 
 
4.6.2 Breaking Structure Symmetry for Performance Improvement of  CMRA  
 
Six alternatives were analysed in order to determine effective ways to stagger the coupled 
resonators; so that the structure is measurable, produces a unique frequency response, has 
stable eigenvectors before and after mass is perturbed at each of the single resonator. 
• Alternative(1) and Alternative(2): 0.1 and 1 percent uniform step staggered mass of 5 
CMRA respectively.  The analyses examine the effect of 0.5% and 5% total staggered 
mass on the change of the  eigenvectors of the 5 resonators.  Note that a larger stagger 
(more than 1%) may result in a reduced measurability of the output; any smaller less 
than 0.1% causes the absorbed mass or manufacturing variations would dominate. 
Comb-drive resonator
 
Mechanical coupling spring
 
X4 X1 X2 X3 X5 
KC1 KC2 KC3 KC4 
R1 R2 R4 R5 R3 
K1 K2 K3 K4 K5 M1 M2 M3 M4 M5 
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• Alternative(3) and Alternative(4): An unsymmetrical, but balanced mass distribution 
between the first half and second half of the structure array (sum of  R1 and R2 mass is 
equal to the sum of mass of R4 and R5). With the unsymmetrical but balanced mass 
distribution approach, the amount of the total staggered mass may be increased without 
reducing the  measurability of the structure output signal. The analyses compare the 
effect of 7% total staggered mass on the change of the eigenvectors when the heaviest 
mass is positioned in the middle (Alternative(3)) and at both ends of the structure array 
(Alternative(4)).  Positioning the heaviest mass at the middle of the  structure array may 
help to effectively balance the relative displacement of the coupled resonators for 
measurable output signal; constraining the  heaviest mass at the end of the structure 
array may help to stabilize the eigenmodes of the perturbed CMRA. 
• Alternative(5): Unsymmetrical, but balanced stiffness distribution between the first half 
and second half of the structure array (K1 + K2 is equal K4 + K5). The most stiff 
resonator is positioned in the middle of the array (R3). 
•  Alternative(6): 0.1 percent step staggered stiffness of 5 CMRA. 
Table 4-5 lists the details of mass and stiffness configuration of the alternative structures.  The 
mass (M) and stiffness (K) value of resonators is based on a comb-drive resonator from a 
group research  project, which was designed by Anthony [125, 149].  The mass and stiffness 
of the resonators are evaluated using finite element analysis, which are discussed in Chapter 
5. Note that the four coupling constants for all the structure alternatives is 0.3118 N/m.   
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Table 4-5 Mass and stiffness configurations of 6 alternatives of the staggered CMRA 
Effective mass, M and stiffness, K of the 5 coupled elements 
Note: M =3.8267nanokg;  K = 24.9741N/m 
Alternative(1) Alternative(2) Alternative(3) 
Coupled 
Resonators 
M K M K M K 
R1 M + 0.1%M K M + 1%M K M - 4%M K 
R2 M + 0.2%M K M + 2%M K M - 1%M K 
R3 M + 0.3%M K M + 3%M K M K 
R4 M + 0.4%M K M + 4%M K M - 2%M K 
R5 M + 0.5%M K M + 5%M K M - 3%M K 
 Alternative(4) Alternative(5) Alternative(6) 
 M K M K M K 
R1 M + 4%M K M K - 4%K M K + 0.1%K 
R2 M + 1%M K M K - 1%K M K + 0.2%K 
R3 M K M K M K + 0.3%K 
R4 M + 2%M K M K - 2%K M K + 0.4%K 
R5 M + 3%M K M K - 3%K M K + 0.5%K 
 
As discussed in Section 4.3 and 4.4, the lumped mass analysis of the CMRA was performed 
using MATLAB programming.  By substituting the value of mass and stiffness of the 
structures in Equation 4-9, the analysis returns the value of 5 eigenfrequencies and 5 
eigenvectors of the coupled structure.   The measurability of the structure output signal is 
determined by observing the eigenvectors of the structure alternatives at R1 and R5.  Once the 
measurability of the structure output signal is confirmed, the eigenvalue and eigenvector 
analysis is repeated to examine the uniqueness of frequency response pattern and the stability 
of system eigenvectors.   
A series of five tests were performed where a mass of 3.8267 x 10-12kg (~0.1%) was 
added to R1, R2, R3, R4 and R5 separately. The eigenfrequencies and the eigenvectors of the 
unperturbed structure (i.e. initial condition) and perturbed structure (after the mass was added) 
were observed and compared. The stability of the eigenvectors of the CMRA with the 
constant mass (M1 = M2 = M3 = M4 = M5 = M =3.8267nanokg) and constant stiffness (K1 = 
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K2 = K3 = K4 = K5 = K  = 24.9741N/m) was also analysed by adding the same amount of 
mass to R1, R2 , R3, R4, and R5 separately. 
4.6.3 Result and Discussion 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.7 Eigenmode analysis result of 6 alternatives of Staggered CMRA 
 
 
Figure 4.7 shows the eigenmodes analysis result of the 6 alternatives of the staggered CMRA.  
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Alternative(1), (c):Alternative(3), and (f):Alternative(6) (with ‘√’ mark on Figure 4.7) are 
considered measurable since they all have an anti-node at the ends of the array. 
Referring to alternative(1) (Figure 4.7(a)) and alternative(2) (b) with the uniform step-
staggered mass approach; at a small amount of staggered mass (i.e. 0.1%*M step increments) 
all the 5 eigenmodes are measurable.  However, with a slightly larger amount of the step-
staggered mass (i.e. 1%*M increment), the mode 1 and 5 (Figure 4.7 (b)) approached zero.  
Therefore, mode 1 and 5 for alternative(2) expected unable to be measured.  
Consider alternative(3) ((Figure 4.7(c)) and alternative(4) (Figure 4.7(d)) with the 
unsymmetrical but balanced mass distribution between the first half and the second half of the 
structure array. At a maximum of 7% total staggered mass on the structure array and with the 
heaviest mass positioned in the middle, all the 5 modal frequencies of the structure are 
measurable at R1 and R5.  Positioning the heaviest mass at the end of the array (R1 and R5), 
(Figure 4.7 (d)) reduces the measurability of the structure output signal since the eigenvectors 
of the structure at R1 and R5 restrained to zero. 
For alternative(5) (Figure 4.7(e)) and alternative(6) (Figure 4.7(f)), where the structure 
stiffness were staggered; with the unsymmetrical but balanced stiffness distribution for the 
alternative(5), placing the most stiff resonator at the middle of array (R3) and the least stiff 
resonator at the end of the array caused ineffective resonator  displacement at R1 and R5.  
Hence, most of the eigenmodes at R1 and R5 approached zero.  For alternative 6, with small 
uniform step-staggered stiffness (0.1%*K) all the structure eigenmodes at R1 and R5 are 
measurable. 
For the uniqueness of the frequency response pattern, consider the 5 modal frequencies 
of the staggered structure in Table 4-6, when the 5 resonators absorbs a mass separately. 
Comparing the 5 tests; although, some of the 5 modal frequencies of the structure alternatives 
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were identical when the single resonator (R1, R2, R3, R4 and R5) absorbs a mass (3.8267 x 
10-12 kg) separately, but none of the test results completely mirror each other.  Hence, it can 
be claimed that by breaking the structure symmetry using the staggered mass or staggered 
stiffness approaches (as exemplified by alternative(1), (3), and (6)) a unique frequency 
response pattern can be produced for a single resonator mass changes.  
 
Table 4-6  Eigenfrequency analysis result of the staggered CMRA (Alternative(1), (3), and 
(6)); Note: identical colour for each structure alternative highlights similar eigenfrequencies 
value 
Modal Eigenfrequencies (fM) [Hz] Alternative of 5 
CMRA Initial 
 
+m 
@R1 
(Test 1) 
+m 
@R2 
(Test 2) 
+m 
@R3 
(Test 3) 
+m 
@R4 
(Test 4) 
+m 
@R5 
(Test 5) 
fM1 12836 12835 12835 12834 12834 12833 
fM2 12871 12868 12869 12870 12870 12869 
fM3 12949 12947 12949 12946 12948 12947 
fM4 13046 13045 13044 13046 13044 13045 
fM5 13125 13125 13123 13123 13124 13125 
Alternative
1 
       
fM1 12932 12932 12930 12928 12931 12932 
fM2 13054 13053 13051 13054 13052 13052 
fM3 13111 13110 13109 13109 13110 13108 
fM4 13234 13232 13234 13234 13232 13233 
fM5 13256 13253 13255 13256 13255 13256 
Alternative 
3 
       
fM1 12874 12872 12872 12873 12873 12874 
fM2 12909 12908 12909 12909 12908 12906 
fM3 12987 12986 12987 12985 12987 12985 
fM4 13085 13084 13082 13085 13083 13084 
Alternative 
6 
fM5 13164 13164 13162 13161 13162 13164 
 
 
Figure 4.8 exemplifies the stability analysis result of structure eigenvectors for mode 2, before 
and after mass was added to the single resonator separately (refer to Appendix C for a 
complete eigenvectors stability analysis result for alternatives 1 to 6).  
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Figure 4.8 Stability of eigenvectors analysis result: example for mode 2; (a)-(f) six staggered 
structure alternatives; (g) constant mass and stiffness CMRA  
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Consider alternative(1) and (2) (Figure 4.8(a), (b) and Appendix C); by uniformly staggering 
the mass all the perturbed eigenvectors are stable (i.e. comparable eigenmodes) compared to 
the unperturbed eigenvectors.   
For alternative(3) and (4) (unsymmetrical staggered mass - balanced mass distribution 
between the first and second half of the structure array), when the heaviest mass was 
positioned in the middle of the structure array (Figure 4.8(c), Appendix C) all the perturbed 
eigenvectors are stable except when mass is added at R1 (for mode 1 and mode 5).  However 
when the heaviest masses were restrained at both ends of the  structure array (Figure 4.8(d), 
Appendix C) all the perturbed eigenvectors are stable compared to unperturbed eigenvectors. 
Hence, it can be claimed that by constraining the relative displacement of the end resonator 
(i.e. positioning the heaviest mass at the end of the structure array) helped to stabilize the 
structure eigenvectors.  
 When the structure stiffness was staggered (i.e. for Alternative(5) and (6); Figure 4.8(e), 
and (f)); all the perturbed eigenvectors are unstable.  Hence, it can be argued that, by only 
staggering the stiffness of the resonators, we are unable to stabilize the perturbed 
eigenvectors.  Figure 4.8(g) depicts the stability of eigenvectors analysis result of 5 constant 
mass and constant stiffness coupled resonators. With the constant mass resonators all the 
perturbed eigenvectors are always different (unstable) compared to the unperturbed 
eigenvectors.  
 From the overall analyses result, the staggered mass and staggered stiffness approaches 
helped to break the structure symmetry of the 5 constant CMRA.  As a result the structure 
(Alternatives 1, 3, and 6) produced unique modal frequencies for the single resonator mass 
changes.   
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The approach used to stagger the structure is very important to ensure a measurable output 
signal and stable eigenvectors.  Although, the uniform step staggered mass produced stable 
eigenvectors, but at maximum of 1% staggered mass between each resonator the eigenvectors 
at R1 and R5 for mode 1 and 5 approached zero. The Alternative(3) with the unsymmetrical 
staggered mass but with balance mass distribution between the first half and second half of 
the structure array (heaviest mass in the middle) is considered an effective way to stagger the 
mass. At 7% total staggered mass (i.e. between R1 and R2, R1//R2: 3%, R2//R3:1%, 
R3//R4:2%, and R4//R5:1%) the eigenvectors at R1, R2, R3, R4 and R5 are measurable for all 
the 5 structure eigenmodes.  Although, the eigenvectors were slightly unstable when mass was 
added at R1, but the perturbed eigenvectors were  stable for the other 4 single resonator mass 
changes.  Positioning the heaviest mass at the end of the structure array stabilized the 
eigenvectors for all the 5 resonator mass changes; but some of eigenvectors at R5 (mode 1 
and mode 5) reduced to zero. 
 Staggering only the resonator stiffness, did not stabilize the eigenvectors of the 
perturbed structure. However, when we refer to the actual CMRA design, either by staggering 
the mass or stiffness of the resonator, we in fact change the mass of resonators. Hence both 
alternatives are used to stagger the CMRA (will be discussed in Chapter 5). 
 
 
 
4.7 Summary and Conclusion 
This chapter discusses the performance improvement of the CMRA using the lumped mass 
model analysis.  Re-evaluation of the CMRA-v1 in Section 4.3 confirmed that the two large 
mass of the comb actuators which were rigidly coupled to R1 and R5 caused the standalone 
node at R1 and R5.  The large mass of the comb drive actuator restrained the displacement of 
the R1 and R5.  As a result, no movement was made to pull the adjacent resonators and the 
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readout comb actuator. Hence, the frequency response of the 5 coupled resonators is unable to 
be measured at R5. 
 From the structure improvement analysis in Section 4.4, the measurability of the 
structure output signal relies on the modal eigenfrequencies of the coupled structure and 
system eigenvectors. The modal frequency and the eigenvectors depend on the fundamental 
frequencies of the coupled structure, which was directly related to the mass and stiffness 
configuration of the resonators.  The eigenvectors of the structure which are controlled by the 
configuration of the mass and resonator stiffness determined the final measurability of the 
structure at a specific measurement point.  With constant mass and constant stiffness 
resonators the measurability of the 5 eigenmodes at R1 or R5 are confirmed.   However, only 
half of the single resonator sensor structure produced  unique frequency response pattern; and 
the perturbed eigenvectors for all single resonator mass changes were always unstable 
compared to the unperturbed eigenvectors.  
 The main challenge of the CMRA-v2 is to ensure the structure is measurable, having a 
unique frequency response pattern and stable perturbed eigenvectors compared to the 
unperturbed structure. The unique frequency response pattern is very important in order to 
detect the species absorbed by the resonator.  The stable perturbed eigenvectors is important if 
the unperturbed eigenvectors will be used to estimate the mass changes pattern absorb by the 
resonators using the inverse eigenvalue analysis (will be discussed in Chapter 5). 
 Section 4.6 analyses and discusses few alternatives to break the structure symmetry of 
the constant CMRA in order to produce a unique frequency response pattern, stabilize the 
system eigenvectors and ensure the measurability of the structure output signal.  Staggering 
the mass or stiffness of resonators produced unique frequency response patterns.  To ensure 
the measurability of the coupled structure, the approach to stagger the structure and the 
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amount of the staggered mass is important.  For example, the amount of the staggered mass 
for the uniform step staggered mass alternative must be less than 1%*M in order to ensure a 
measurable output signal of the 5 CMRA eigenmodes at both ends of the structure array. The 
research finally selects the alternative(3) as the basis to stagger the mass and stiffness of the 5 
constant mass CMRA in Chapter 5.  With the 7% total staggered mass for 5 resonators and 
the heaviest mass positioned in the middle of the structure array, the alternative(3) maintained 
the measurability of the CMRA structure.   
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CHAPTER 5     - MODELLING, FINITE ELEMENT ANALYSIS 
AND PERFORMANCE EVALUATION OF CMRA-V2 
 
5.1  Introduction  
 
This chapter presents an improved design of the coupled micro resonator array (CMRA-v2).  
The designs of the CMRA-v2 include a Constant CMRA, a Staggered Mass and a Staggered 
Stiffness CMRA are briefly explained in Section 5.2. Using COMSOL Multiphysics Finite 
Element Analysis (FEA), the performance of the structure is analysed and discussed in 
Section 5.3.   Using a lumped mass model, Section 5.4 compares the performance of the 
designed structures in terms of the measurability of the output signal, uniqueness of frequency 
response pattern and stability of system eigenvectors.  To further evaluate the stability of the 
system eigenvectors, Section 5.5 presents an inverse eigenvalue analysis;  the mass change 
pattern of the CMRA-v2 single resonator sensor is estimated using the unperturbed design 
eigenvectors and the evaluated perturbed eigenfrequencies from the eigenvalue and 
eigenvectors derived for the perturbed structure in Section 5.4. This chapter also discusses the 
research work related to the manufacturing variation analysis. Section 5.6 presents an 
approach to quantify the manufacturing variation, discusses the result of the quantified data 
and presents an analysis of the impact of manufacturing variation on the designed Constant 
Mass CMRA. 
 
5.2 Improved Design of CMRA-v2  
 
This section presents the improved design of the CMRA-v2 structure which includes:- 
• 5 Constant Mass CMRA 
• 5 Staggered Mass  
• 5 Staggered Stiffness CMRA 
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As discussed in Chapter 4, the Constant Mass CMRA design always produces a measurable 
frequency response for all the 5 eigenmodes of the structure. However, the structure does not 
produce a unique frequency response pattern for a single resonator mass perturbations and the 
perturbed structure eigenvectors are always unstable (dissimilar) compared to unperturbed 
eigenvectors.  The 5 Constant Mass CMRA was designed in order to study and examine how 
the manufacturing variation may naturally stagger the stiffness or mass of the coupled 
resonators, and hence the final frequency response pattern of the structure.  
 As discussed in Section 4.6 (Chapter 4), with the staggered mass and staggered stiffness 
approaches, a unique frequency response pattern was produced.  With the staggered mass 
approach the system eigenvectors of the CMRA was stabilized.  Since the eigenvectors were 
stabilized against the perturbation mass, the staggered stiffness approach alone could not 
stabilize the eigenvectors.  However, in reality when we stagger the stiffness of the resonator 
(i.e. increasing or decreasing the length of resonator anchor spring) we actually stagger the 
mass as well.  Hence two approaches of the staggered mass (i.e. staggering linked masses of 
the resonators, Section 5.2.2) and staggered stiffness (i.e. staggering the length of the anchor 
spring) were chosen to improve the performance of the CMRA. 
 
5.2.1 Five Constant Mass CMRA 
 
Figure 5.1 shows the schematic of the second version of the 5 constant coupled micro 
resonator array structure.  The 5 Constant Mass CMRA consists of 5 constant mass comb-
drive resonators which were coupled with a narrowed S-shape or zigzag coupling spring. 
Each single resonator is anchored with 4 semi zigzag anchor spring.  The zigzag spring was 
selected instead of butterfly spring to reduce the space occupied by the coupling spring.  As 
discussed in Section 3.4.1 the spurious responses introduced by the spring were reduced by 
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increasing the length of the spring (LCSP); a domination of the mass of the CMRA-v2 also help 
to reduce the unwanted response.  With the CMRA-v2, the structure was designed to ensure 
the response pattern of the structure can be easily measured.  The single resonator (Figure 
5.1(b)) was designed with four sets of fixed comb-drives.  The first 2 sets of the comb were 
designed for driving the structure (Vin) and the last 2 sets of the comb for reading the output 
signal of the structure (iout). The measurement can be done either by using a single drive-a 
single readout measurement or a differential drive-differential readout measurement, or vice 
versa. Table 5-1 highlights the main geometrical dimensions of the structure. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.1(a) 5 Constant CMRA-v2; (b)  Enlarged single resonator (singleR-v2); (c) Comb 
fingers; (d) semi-S shape anchor spring; (e) S-shape coupling spring and constant linked mass 
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Table 5-1 Main geometrical design parameter of the 5 Constant CMRA 
 
No. 
Design 
Parameter 
Description of Geometrical  
Comb Resonator Parameter 
Dimension 
[µm] 
1 Length of Single R,  LR  517 
2 Width of Single R,  bR 645 
3 Length of 5 Constant CMRA,  L 2818 
4 Length of anchor spring,   LASP 216 
5 Width of anchor spring,   bASP 3 
6 Length of coupling spring,   LCSP 575 
7 Width of coupling spring,   bCSP 3 
8 Length of Linked mass,   LLM 35 
9 Width of Linked mass,   bLM 39 
10 Length of comb finger,   Lf 10 
11 Width of comb finger,   bf 3 
12 Gap between finger, g 3 
13 Overlapping distance, Of 5 
14 Total number of fingers, n 5260 fingers 
 
 
5.2.2 Five Staggered Coupled Micro Resonator Array (Staggered CMRA) 
In order to improve the performance of the CMRA, this research proposes 2 design 
alternatives of the Staggered CMRA: (1) 5 Staggered Mass CMRA and (2) 5 Staggered 
Stiffness CMRA.  As discussed in Section 4.6, by breaking the symmetry of the structure, 
both alternatives improved the distinguishability of the frequency response pattern of the 
CMRA.  Either the staggered mass (i.e. modifying the resonator linked mass) or the staggered 
stiffness design alternatives (i.e. modifying length of the resonator anchor spring), the mass of 
the coupled resonators are modified.  Hence both alternatives are used to stabilize the system 
eigenvectors. 
For the 5 Staggered Mass CMRA, the main geometrical dimensions of the structure 
were the same as the 5 Constant CMRA, except for the width of the linked mass (bLM, Figure 
5.2(d)) which was used to connect the resonator and the coupling spring (design parameter no 
9, Table 5-1).  Figure 5.2 illustrates the schematic of the 5 Staggered Mass CMRA. 
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Figure 5.2 (a)  Resonator 1, R1 (highlighted linked mass 1, LM1); (b) Schematic of Staggered 
Mass CMRA; (c) R5; (d) Coupling 1- linked mass 1 and 2; (e) Coupling 2- linked mass 2 and 
3; (f) Coupling 3- linked mass 3 and 4; (g) Coupling 4- linked mass 4 and 5 
Coupling 1 
Coupling 2 
Coupling 3 
Coupling 4 
R1 
R2 
R3 
R4 
R5 
(b) 
(a) 
(c) 
Linked mass 1, LM1 
bLM1 LLM1 
Coupling 1 (d) 
bLM2 
LLM2 
(e) Coupling 2 
(f) Coupling 3 
(g) Coupling 4 
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To break the symmetry of the constant CMRA, the Staggered Mass CMRA was designed with 
a slight unsymmetrical mass distribution between all resonators. As discussed in Chapter 4, to 
ensure the structure vibrates efficiently generating a measurable output signal, all masses in 
the first half of the structure array (sum of R1 and R2) and the second half of the array (sum 
of R4 and R5) remained balanced with the heaviest mass positioned in the middle of the 
structure. The approach will help to effectively stagger the resonator mass and balance the 
relative displacement of the 5 resonators for measurability of the structure output signal (i.e. 
at R1 and R5).  The length (LLM) of the linked mass for all resonators remained 35µm (Figure 
5.2(d) – (g)). The width (bLM) of the linked mass for R1, R2, R3 and R5 were designed to be 
39µm, 100, 119, 82, and 61µm respectively.   
 For the second alternative of the 5 Staggered Stiffness CMRA, the stiffness of the 
resonators was varied by modifying the length (LASP) of the 4 anchor springs for each 
resonator design parameter no.4, from Table 5-1.  The least stiff resonator was positioned in 
the middle of the coupled structure and the stiffer resonator at the end of the structure array. 
Positioning the least stiff resonator which has the heaviest resonator mass (i.e. the longest 
anchor spring) at the middle of the structure will help to ensure effective structure movement 
for measurability of the output signal.  The anchor spring length of the least stiff resonator R3 
remained at 216µm and the other anchor springs for R1, R2, R4 and R5 were modified to 
214.5µm, 215, 215.5 and 214µm respectively.  All other geometrical design parameters 
remained the same as the 5 Constant CMRA. 
 
 
5.3 Modelling and Finite Element Analysis (FEA) of CMRA-v2  
 
FEA using COMSOL Multiphysics was used to determine the performance of the designed 
CMRA, i.e. the fundamental frequencies, the structure eigenmodes, the effective mass and 
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effective stiffness of the resonators, the capacitance generated by the comb-drive resonator 
and the frequency response of the unperturbed CMRA.   
5.3.1 Eigenfrequency and Eigenmode  
To determine the fundamental frequency and the eigenmodes of the structure, an 
eigenfrequency analysis was performed in the Plane Stress application mode of the COMSOL 
FEA using the eigenfrequency solver.  Table 5-2 lists the fundamental frequency of the 
analysed CMRA structure.  
 
Table 5-2 the eigenfrequency of comb-drive resonator (SingleR-v2) and fundamental modal 
frequencies of the three designed CMRA(s) analysed using the FEA  
 
Modal Eigenfrequencies [Hz] of the CMRA-v2 Frequency of 
SingleR-v2 
[Hz] 
5 Constant Mass 
CMRA 
5 Staggered Mass 
CMRA 
5 Staggered Stiffness 
CMRA 
fM1 = 12543.5 fM1 = 12340.2 fM1 = 12574.8 
fM2 = 12651.4 fM2 = 12502.2 fM2 = 12725.6 
fM3 = 12792.2 fM3 = 12638.2 fM3  = 12874.5 
fM4 = 12922.6 fM4 = 12806.1 fM4 = 13032.2 
12857.3 
fM5 = 13009.5 fM5 = 12848.2 fM5 = 13076.8 
 
As can be seen in Table 5-2, all of the devices have fundamental frequencies centred around 
12000 Hz.  Comparing the five eigenfrequencies of the 5 Staggered Mass CMRA are slightly 
lower than the 5 Constant CMRA, due to the extra mass. While, the 5 eigenfrequencies of the 
Staggered Stiffness CMRA were slightly higher compared to the 5 Constant Mass CMRA, 
this was due to the stiffer springs which were designed to anchor the structure.    
          Figure 5.3, 5.4 and 5.5 show the 5 eigenmodes of the CMRA structure for the 5 
Constant  CMRA, 5 Staggered Mass CMRA and 5 Staggered Stiffness CMRA respectively.   
The 5 eigenmodes of the structure represent the relative movement of the coupled resonators 
either in phase or anti-phase.  The relative displacement values are summarized and tabulated 
in Table 5-3, 5-4, and 5-5 respectively. 
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Figure 5.3 Eigenmodes analyses of 5 Constant Mass CMRA : (a)  mode1;  (b) mode2; (c) 
mode3;  (d) mode4;  (e) mode5  
 
Table 5-3  the relative displacement of the resonators (associated to different colour shown on 
a scale bar ) from the eigenmode analysis of 5 Constant Mass CMRA (in Figure 5.3) 
 
 
 
Mode 1 
(a) 
Mode 2 
(b) 
Mode 3 
(c) 
Mode 4 
(d) 
Mode 5 
(e) 
R1 +0.81 +1.48 +1.86 -1.76 +1.09 
R2 +1.63 +1.74 +0.21 +1.47 -1.58 
R3 +1.94 0 -1.88 0 +1.76 
R4 +1.63 -1.74 +0.21 -1.47 -1.58 
R5 +0.81 -1.48 +1.86 +1.76 +1.09 
 
 
 
 
 
 
 
 
 
Figure 5.4 Eigenmodes analysis result of 5 Staggered Mass CMRA: (a)  mode1;  (b) mode2; 
(c) mode3;  (d) mode 4;  (e) mode5  
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Table 5-4 the relative displacement of the resonators (associated to different colour shown on 
a scale bar ) from the eigenmode analysis of 5 Staggered Mass CMRA (Figure 5.4) 
 
 Mode 1 
(a) 
Mode 2 
(b) 
Mode 3 
(c) 
Mode 4 
(d) 
Mode 5 
(e) 
R1 +0.54 -1.06 +1.34 +1.82 +2.06 
R2 +1.66 -1.93 +1.07 -0.75 -1.46 
R3 +2.27 +0.20 -1.93 -0.37 +1.10 
R4 +1.36 +1.95 +0.79 +1.58 -1.27 
R5 +0.50 +1.33 +1.79 -2.02 +1.18 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.5 Eigenmodes analysis result of 5 Staggered Stiffness CMRA: (a)  mode1;  (b) 
mode2; (c) mode3;  (d) mode 4;  (e) mode5  
 
 
Table 5-5 the relative displacement of the resonators (associated to different colour shown on 
a scale bar ) from the eigenmode analysis of 5 Staggered Stiffness CMRA (in Figure 5.5) 
 
 Mode 1 
(a) 
Mode 2 
(b) 
Mode 3 
(c) 
Mode 4 
(d) 
Mode 5 
(e) 
R1 +0.52 +1.32 +1.82 -1.96 +1.25 
R2 +1.39 +1.99 +0.69 +1.50 -1.36 
R3 +2.19 +0.25 -2.01 -0.34 +1.23 
R4 +1.77 -1.91 +0.98 -0.83 -1.43 
R5 +0.58 -1.03 +1.36 +1.95 +1.92 
 
 
As can be observed for the three CMRA(s), each resonator shows synchronized movements 
either in-phase or out of phase for the 5 eigenmodes of the structure (i.e. no standalone 
(a) 
 
 
(b) 
 
 
(c) 
 
 
(d) 
 
 
(e) 
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resonator).  Hence all the 5 modal eigenfrequencies for the three CMRA(s) are expected to be 
measurable.   
 
5.3.2 Frequency Response Pattern of the Unperturbed CMRA 
 
The frequency response analysis (neglecting damping) was employed to determine the 
frequency response pattern of the unperturbed CMRA.  Since the CMRA prime vibration 
mode is in lateral direction (i.e. x-y plane),  the analysis was done in a Plane Stress 
application mode using a parametric solver (assuming no out-of-plane stress). By fixing an 
excitation force (e.g. F= 1x10-6 N) to drive the Constant CMRA structure (e.g. drive at R1, 
Figure 5.6) and sweeping through the excitation frequency (i.e. the range of modal 
frequencies of the structure, fM1-fM5 = 12300-13100), the software solves for the frequency 
response of the structure.  With the second version of the CMRA, we can drive or readout the 
response either at R1, R2, R3, R4 or R5.  
 
 
 
 
 
 
 
Figure 5.6  Schematic of 5 Constant Mass CMRA ; an example of drive point at R1 and 
readout point at R5 for frequency response analysis 
 
 
Figure 5.7 shows the frequency response pattern of the 3 CMRA(s) structure designs, which 
were driven at R1 and Readout at R5. With different mass and stiffness configurations the 3 
F 
R1 
R2 
R3 
R4 
R5 
 
Readout point in COMSOL window 
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CMRA(s) show different frequency response patterns.  The frequency response pattern agrees 
with the eigenmode analysis (see Section 5.3.1).  For example for the 5 Constant CMRA 
(Figure 5.7(a)), the 5 frequency response peaks were observed with the highest and lowest 
response at the third and first eigenfrequency respectively.  Referring to the resonator 5 (R5) 
for the eigenmodes of the structure (Figure 5.3(a) – (e), and Table 5-3); the R5 on the 
eigenmode 3 shows the highest relative displacement (+1.86) and the R5 on the eigenmode 1 
shows the least relative displacement (+0.81).  Referring to Figure 5.7(a), the absolute 
response of the first modal frequency is 6.51µm, which is considered detectable by the 
electronics readout. 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.7 Frequency response analysis result of the CMRA (drive at R1, readout at R5); (a) 5 
Constant CMRA; (b) 5 Staggered Mass CMRA; (c) 5 Staggered Stiffness CMRA. 
 
 
For the Staggered Mass CMRA (Figure 5.7 (b)), 5 peaks also were observed with the lowest 
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explained that the occurrence of the lowest and highest response may be due to the CMRA 
design configuration (i.e. heaviest mass at R3 and lightest  mass at R1 and R5) and the drive 
and readout point of the structure (i.e. R1-R5); referring to the eigenmode analysis of the 
Staggered Mass CMRA (Figure 5.4, Table 5-4), the R5 in eigenmode 1 and eigenmode 4 
displays the least and the maximum relative displacement respectively.   
It is important to emphasize that at different drive and readout points a particular 
CMRA structure will present different frequency response patterns. Figure 5.8 shows 
examples of the frequency response pattern of the Constant CMRA when the response was 
driven and measured at R1-R3 and R3-R2 respectively. Due to the symmetrical structure, 
either driving the structure at R3 or measuring the response at R3 only 3 frequency response 
peaks are observed.  The two missing eigenfrequencies are modal frequency 2 (fM2) and modal 
frequency 4 (fM4).  Referring to the eigenmode 2 and 4 for the Constant CMRA (Figure 5.3 (b) 
and (d)), the third resonator, R3 has a zero displacement (a node). Hence, when the structure 
is driven or readout at R3 the response of the two eigenmodes turns to zero. 
 
  
 
 
 
 
 
 
 
Figure 5.8 Frequency response analysis result of 5 Constant CMRA using FEA at different 
drive and readout points (a) Drive at R1 and Readout at R3; (b) Drive at R3 and readout at R2 
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5.3.3 Effective Mass and Effective Stiffness 
 
In order to examine the performance of the perturbed CMRA , the structure is analysed using 
a lumped mass model.  The model requires inputs of effective mass and effective stiffness of 
the coupled elements.  The effective mass of the resonator (m) was calculated based on the 
resonant frequency of each uncoupled structure (ωn2= k /m ); where k is the effective stiffness 
of the structure element, and  ωn is the structure resonant frequency.    
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.9  (a) Eigenfrequency of a single  comb-drive resonator; (b), (c)  Static displacement 
analysis result of comb-drive resonator 
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The resonant frequency of each uncoupled resonator is determined using an eigenfrequency 
analysis (Section 5.3.1).  As presented in Chapter 3 (Section 3.3.3.2), the stiffness of the 
structure is evaluated in COMSOL Multiphysics using the Static analysis and parametric 
solver.  By using a static input force, F, the software returns the static displacement of the 
structure.  The stiffness of the structure is calculated by relating the static input force, F and 
static displacement of the structure, δ; (k = F/δ; Equation 3-5).  Figure 5.9 shows an example 
of the resonant frequency and static analysis result of the single comb-drive resonator from 
the FEA.  Table 5-6 summarizes the effective stiffness and effective mass of each 5 resonators 
of the three CMRA(s).   
 
Table 5-6  Effective mass and stiffness of the CMRA structure elements evaluated using 
COMSOL FEA (Note: the three CMRA was coupled with 4 constant coupling spring; kcsp1= 
kcsp2= kcsp3= kcsp4= 0.2495 N/m and effective mass, mcsp = 4.116 x 10-12kg) 
 
Designed 
Parameter 
Single 
resonator 
5 Constant 
Mass CMRA 
5 Staggered 
Mass CMRA 
5 Staggered 
Stiffness CMRA 
Resonator 
stiffness [N/m] 
19.9796 kR1 = 19.9796 
kR2 = 19.9796 
kR3 = 19.9796 
kR4 = 19.9796 
kR5 = 19.9796 
kR1 = 19.9954 
kR2 = 20.1343 
kR3 = 20.1665 
kR4 = 20.0868 
kR5 = 20.0414 
kR1 = 20.3029 
kR2 = 20.1807 
kR3 = 19.9796 
kR4 = 20.0109 
kR5 = 20.4824 
Resonator mass, 
m [nanokg] 
3.0615  mR1 = 3.0615 
mR2 = 3.0615 
mR3 = 3.0615 
mR4 = 3.0615 
mR5 = 3.0615 
mR1 = 3.0941 
mR2 = 3.1932 
mR3 = 3.2241 
mR4 = 3.1616  
mR5 = 3.1263 
mR1 = 3.0590 
mR2 = 3.0596  
mR3 = 3.0615 
mR4 = 3.0607 
mR5 = 3.0575 
 
5.3.4 Change in Comb-Drive Capacitance 
 
The comb drive capacitance is important since it determines the output of current (iout) which 
is generated at the readout port of the structure. As discussed in Section 3.5.3.2, in COMSOL 
the capacitance was evaluated in the electrostatic application mode using the stationary solver.  
Figure 5.10 (a) and (b) show the capacitance analysis result of the single comb resonator. In 
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the analysis, the moving comb was grounded and the voltage input (Vin) was supplied to the 
first set of the fixed comb fingers.  
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Figure 5.10  (a), (b) Capacitance analysis result of single comb-drive resonator using 
COMSOL FEA; (c) A static displacement of the comb-drive resonator 
 
As can be observed (Figure 5.10 (b)) the change of the capacitance (dc/dy) of the resonator is 
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generated capacitance was 1.2 x 10-14F/µm.  With a 1V potential differences between fixed 
and moving fingers, the generated electrostatic force causes 4.66 x 10-10 static structure 
movement (Figure 5.10 (c)).  By using Equation 3-13 in Chapter 3, the amount of generated 
current at a sense voltage (Vs) of 8V is approximately 7.76nanoA. Hence, the current, is more 
than sufficient to be processed by the available readout measurement system.  Note that a 
quick derivation of the output current may be established by estimating the structure 
displacement, y (y = (nεobv2)/(kyg), Equation 3-10), and the capacitance between the fixed 
and moving comb-drive resonator, C (C = 2nεob (y+yo)/(g)), Equation 3-11). Then, the value 
of output current, iout can be estimated from Equation 3-13 by substituting the value of change 
of capacitance (dC/dy) and natural frequency of the structure, ω. 
 
5.4 Performance Evaluation of the CMRA-v2: Lumped Mass Analysis  
 
5.4.1 Analysis Overview 
 
In general with N coupled resonators, it is possible to produce (2N – 1) possible output 
patterns. With 5 coupled resonators, there are 31 possible sensor combinations.   For high 
functionality of the sensor structure, the CMRA structure should produce unique response 
patterns for all the sensor combinations.  This section analyses the performance of the 
designed CMRA(s) using a lumped model, when the single resonator sensor absorbs a mass.  
As discussed in Section 4.2, the equation of motion for a lightly damped coupled resonators 
can be summarized as:- 
 
)()( 1111 tFxkxkkkxkxcxm nnnnnnnnnnnn cccc =−+++−+ +−−−ɺɺɺ  (Equation 5-1) 
  
Where, m: mass of the resonator, c: damping parameter, k: stiffness of the resonator, kc: 
stiffness of the mechanical coupling, F(t): force used to drive the structure and xn is the 
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displacement of the resonator. If we recall Equation 4-8 and Equation 4-9 (Section 4.2),  for 
the equations of motion of the 5 CMRA (with negligible damping); the equations of motion 
are simplified into the form of the matrix eigenvalue problem: 
 
  (ω
 
)2   [X]     =    [M-1] [K] [X]          (Equation 5-2) 
 
 
Where, ω
  
is the eigenvalue or natural frequency of the system, [X] is a displacement matrix 
of the 5 degrees of freedom of the CMRA, [M] is the mass matrix and [K] is the stiffness 
matrix of the CMRA.   
 To solve for the eigenvalue and eigenvectors of the designed CMRA (5 Constant Mass 
CMRA, 5 Staggered Mass CMRA, and 5 Staggered Stiffness CMRA), the value of k, kc, and 
m (Table 5-6) were substituted in the Equation 5-2.  The analysis was repeated to determine 
the overall frequency response of the coupled structure, by applying an excitation force F(t) 
on the structure array (i.e. at R1, F1(t) = 1 x 10-6 [N]). From Equation 5-1 and 5-2 the 
response of the resonators were computed as follows:- 
 
  [X]= [F] [(K – M (ω) 2)] -1           (Equation 5-3) 
 
Where, [F] is the driving force matrix.  The performance of the three CMRA(s) was examined 
when a maximum of 1 percent of mass of the single resonator (R) (3.0615 x 10-11 kg) was 
added to each resonator (R1, R2, R3, R4, and R5) separately.   
To examine and confirm the uniqueness of output signals, the stability of system 
eigenvectors of the structure and the sensitivity of the mass loading effect on the frequency 
response pattern, analyses were repeated by adding a mass of 1 x 10-11 kg, 1 x 10-12, and 1 x 
10-13kg to the single resonators separately for the three CMRA(s). Note that, to analyse the 
effect of the staggered mass on the CMRA sensor performance, the lumped mass analysis was 
115 
performed only based on the effective mass and stiffness of the 5 resonators and effective 
stiffness of the coupling spring (i.e. neglecting the effect of coupling spring mass).  By 
neglecting the coupling spring mass, the analysed peak to peak modal eigenfrequencies of the 
three CMRA(s) will be slightly differed when compared to the FEA result. 
 
5.4.2 Result and Discussion: Frequency Response Pattern of CMRA 
Figure 5.11, 5.12, and 5.13 are examples of the frequency response analysis result of the three 
CMRA(s), when the first resonator sensor (R1) and the last resonator (R5) absorbs a mass 
separately. Note that, all the structures were driven at R1 and the response of the resonators 
were monitored at R5.  The complete unperturbed and perturbed modal eigenfrequencies of 
the structures were presented in Table 5-7, 5-8 and 5-9 respectively. 
 
 
 
 
 
 
 
 
Figure 5.11  Frequency response analysis result of 5 Constant CMRA; (a) 3.0615 x 10-11 kg 
mass added at R1 only ; (b)  3.0615 x 10-11 kg mass added at R5 only 
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Table 5-7  the unperturbed and perturbed modal eigenfrequencies of the 5 Constant Mass 
CMRA (note: similar colours indicate that the particular modal frequencies are the same with 
respect to the associated mode) 
 
 
Perturbed 
Mass 
[kg] 
5  
modal 
frequencies 
Initial  + 
At R1 
+ 
At R2 
+ 
At R3 
+ 
At R4 
+ 
At R5 
fM1 12857 12828 12837 12839 12837 12828 
fM2 12888 12873 12881 12888 12881 12873 
fM3 12968 12955 12965 12942 12965 12955 
fM4 13066 13059 13042 13066 13042 13059 
3.0615  x 
10-11 
fM5 13144 13143 13133 13123 13133 13143 
        fM1 12857 12851 12852 12853 12852 12851 
fM2 12888 12881 12885 12888 12885 12881 
fM3 12968 12963 12967 12959 12967 12963 
fM4 13066 13063 13058 13066 13058 13063 
1 x 10-11 
 
fM5 13144 13144 13140 13136 13140 13144 
        fM1 12857 12857 12857 12857 12857 12857 
fM2 12888 12887 12888 12888 12888 12887 
fM3 12968 12967 12968 12967 12968 12967 
fM4 13066 13065 13065 13066 13065 13065 
1 x 10-12 
 
fM5 13144 13144 13144 13144 13144 13144 
        fM1 12857 12857 12857 12857 12857 12857 
fM2 12888 12888 12888 12888 12888 12888 
fM3 12968 12968 12968 12968 12968 12968 
fM4 13066 13066 13066 13066 13066 13066 
1 x 10-13 
 
fM5 13144 13144 13144 13144 13144 13144 
 
 
 
Figure 5.11 shows the frequency response patterns for the 5 Constant CMRA using lumped 
mass model analyses.   Due to the constant mass design, a similar amount of R1 and R5 
changes both perturbed conditions generated mirrored frequency response patterns.  Table 5-7 
clearly indicates, irrespective the amount of mass perturbed in the system, the response of the 
first half of the coupled resonators are always similar to the second half of the structure (i.e. 
R1//R5 and R2//R4).  The results agreed with the finite element analysis result in Section 
3.4.5 for the constant mass structure configuration.  Hence, if the 5 Constant CMRA is used to 
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detect any single species of mass or material (i.e. in the artificial nose application), only 3 
resonators will be useful.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.12  Frequency Response Result of 5 Staggered Mass CMRA; (a) 3.0615 x 10-11 kg 
mass added at R1; (b)  3.0615 x 10-11 kg mass added at R5; (c) 1 x 10-13 kg mass added at R1; 
(d)  1 x 10-13 kg mass added at R5 
 
 
 
Figure 5.12 presents the frequency response pattern of the perturbed Staggered Mass CMRA 
and Table 5-8 compares the modal frequencies of the structure when the single resonator 
sensor absorbs a mass.  From Figure 5.12 it can be seen that 1% of mass (3.0615 x 10-11) or 
minimum of  1 x 10-13kg of mass absorbed by R1 or R5 , produced different A-F curves due 
to the staggered mass design of the CMRA.  From Table 5-8 modal frequencies, at a 
maximum of 3.0615 x 10-11kg or 1 x 10-11kg mass absorbed by the single resonator, the modal 
frequencies of the Staggered Mass CMRA are always distinctive.  However, the mass changes 
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of 1 x 10-12    and  1 x 10-13kg produces no change in eigenfrequencies. The distinctiveness of 
the A-F curve at 1 x 10-13kg (Figure 5.12(c) and (d)) is only associated to the shift of the 
structure response amplitude. If we consider the shift of the modal eigenfrequencies, the 
perturbation mass which is less than 1 x 10-12kg    may be regarded as being below the 
detection limit. 
 
 
Table 5-8  the unperturbed and perturbed modal eigenfrequencies of the 5 Staggered Mass 
CMRA 
 
Perturbed 
Mass 
[kg] 
5  
modal 
frequencies 
Initial  + 
At R1 
+ 
At R2 
+ 
At R3 
+ 
At R4 
+ 
At R5 
fM1 12651 12648 12630 12613 12639 12648 
fM2 12750 12739 12732 12750 12732 12721 
fM3 12809 12794 12802 12794 12809 12794 
fM4 12917 12890 12909 12917 12895 12907 
3.0615 
x 10-11 
fM5 12945 12938 12937 12938 12935 12940 
        fM1 12651 12650 12645 12640 12648 12650 
fM2 12750 12747 12744 12750 12744 12742 
fM3 12809 12804 12806 12803 12809 12803 
fM4 12917 12908 12915 12917 12911 12914 
1 x 10-11 
 
fM5 12945 12941 12941 12942 12940 12943 
        fM1 12651 12651 12650 12650 12651 12651 
fM2 12750 12750 12750 12750 12750 12749 
fM3 12809 12809 12809 12809 12809 12809 
fM4 12917 12917 12917 12917 12917 12917 
1 x 10-12 
fM5 12945 12944 12944 12944 12944 12944 
        fM1 12651 12651 12651 12651 12651 12651 
fM2 12750 12750 12750 12750 12750 12750 
fM3 12809 12809 12809 12809 12809 12809 
fM4 12917 12917 12917 12917 12917 12917 
1 x 10-13 
 
fM5 12945 12945 12945 12945 12945 12945 
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Figure 5.13 Frequency Response Result of 5 Staggered Stiffness CMRA; (a) 3.0615 x 10-11kg 
mass added at R1; (b)  3.0615 x 10-11kg mass added at R5; (c) 1 x 10-13kg mass added at R1; 
(d) 1 x 10-13kg mass added at R5 
 
 
As shown in Figure 5.13, the Staggered Stiffness CMRA produces unique frequency response 
patterns, when the single resonator sensor (i.e. R1 and R5) absorbs similar amount of mass.  
By altering the anchor spring length (Section 5.2), we actually stagger the stiffness and mass 
of the Staggered Stiffness CMRA (e.g. comparing R5 and R3 (Table 5-6), at 0.13% mass 
change causes 2.52% change in stiffness) .  Hence, unique frequency response patterns with 
distinctive shift of modal frequencies were observed when a maximum of 3.0615 x 10-11kg 
and 1 x 10-11kg mass absorbed by the single resonator sensor (Table 5-9).  Although,  1 x 10-
13kg mass is below the detection limit of the structure (no change in modal eigenfrequencies 
(Table 5-9)); but, the structure still sensitive to produce unique change of  response 
amplitudes due to the different mass and stiffness configuration. 
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Table 5-9  the unperturbed and perturbed modal eigenfrequencies of the Staggered Stiffness 
CMRA  
 
Perturbed 
Mass 
[kg] 
5  
modal 
frequencies 
Initial  + 
At R1 
+ 
At R2 
+ 
At R3 
+ 
At R4 
+ 
At R5 
fM1 12903 12897 12889 12869 12876 12898 
fM2 12982 12949 12965 12982 12968 12972 
fM3 13053 13038 13053 13033 13047 13035 
fM4 13152 13145 13131 13152 13142 13125 
3.0615 
x 10-11 
fM5 13189 13185 13176 13178 13182 13184 
        fM1 12903 12902 12900 12893 12896 12902 
fM2 12982 12972 12976 12982 12977 12979 
fM3 13053 13047 13053 13046 13051 13048 
fM4 13152 13149 13146 13152 13148 13142 
1 x 10-11 
 
fM5 13189 13187 13183 13185 13186 13187 
        fM1 12903 12903 12903 12902 12902 12903 
fM2 12982 12981 12981 12982 12981 12982 
fM3 13053 13052 13053 13052 13053 13053 
fM4 13152 13152 13151 13152 13151 13151 
1 x 10-12 
 
fM5 13189 13189 13189 13189 13189 13189 
        fM1 12903 12903 12903 12903 12903 12903 
fM2 12982 12982 12982 12982 12982 12982 
fM3 13053 13053 13053 13053 13053 13053 
fM4 13152 13152 13152 13152 13152 13152 
1 x 10-13 
 
fM5 13189 13189 13189 13189 13189 13189 
 
 
 
5.4.3 Result and Discussion: Stability of System Eigenvectors of CMRA 
 
Figure 5.14, 5.15 and 5.16 display examples of the stability of the system eigenvectors (mode 
1) of the three CMRA(s), when a single resonator sensor (e.g. R1 and R5) absorbs different 
level of mass (refer to Appendix D and E for a complete eigenvectors stability analysis result 
for the two staggered CMRA(s)).   
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Figure 5.14  Stability of eigenvectors analysis result between unperturbed and perturbed 
Constant CMRA  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.15  Stability of eigenvectors analysis result between unperturbed and perturbed 
Staggered Mass CMRA  
 
As shown in Figure 5.14, comparing the unperturbed and perturbed eigenvectors of the 
Constant Mass CMRA, the system eigenvectors are always unstable even though only a small 
amount of mass (i.e. 1 x 10-13kg) is absorbed by the resonator.  Hence, if the unperturbed 
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eigenvectors are used to estimate the mass change pattern of the perturbed structure (using 
inverse eigenvalue analysis), a large error is expected to be produced due to the unstable 
system eigenvectors of the structure. 
Figure 5.15 shows an example of the stability analysis results for the Staggered Mass 
CMRA (refer to Appendix D for the complete analysis results).  Referring to the Staggered 
Mass CMRA design and considering R3 as a reference point, the amount of the staggered 
mass between the 5 resonators is:  R1 compared R2, R1//R2 (9.91 x 10-11kg) , R2//R3 (3.09 x 
10-11), R4//R3 (6.25 x 10-11), and R5//R4 (3.53 x 10-11kg).   Following the eigenvectors 
stability  against different  perturbing masses,  the eigenvectors remain stable when the 
perturbing mass is significantly smaller than the staggered mass as follows: R1 (at 3.0615 x 
10-11kg perturbation mass), R2 (1 x 10-11kg), R3 and R4 (1 x 10-12kg), and R5 (1x 10-13kg).   
The results demonstrate the limit of the amount of perturbation mass that can be perturbed at 
each single resonator sensor to ensure stable perturbed eigenvectors. 
Figure 5.16 shows the stability analysis results of the Staggered Stiffness CMRA (i.e. 
mode 1; refer to Appendix E for the complete analysis results). As different amount of masses 
are absorbed by R1 and R5 (i.e. 1 x 10-11kg, 1 x 10-12kg or 1 x 10-13kg) the perturbed 
eigenvectors are always stable compared to the unperturbed eigenvectors.  When the outer 
CMRA resonators were stiffened (i.e. kR1>KR2> KR3 or KR5>KR4>KR3) by reducing the length 
of the anchor spring of the resonator, the mass of the resonators was actually reduced. The 
configuration of the stiffness of the coupled resonators produced an unsymmetrical staggered 
mass with the heaviest mass value in the middle of the coupled structure (R3).  Such a 
staggered mass configuration provides an effective way to break the structure symmetry for 
an effective structure movement. Positioning the stiff resonator at the end of the structure 
array slightly restrained the eigenvectors at the end of the array.  As discussed in Section 4.6.3 
123 
such an approach helped to stabilize the structure eigenvectors. Hence the stability of the 
Staggered Stiffness CMRA improved significantly at levels of absorbed mass. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.16  Stability of eigenvectors analysis result between unperturbed and perturbed 
Staggered Stiffness CMRA (single resonator sensor) 
 
 
 
5.5 Estimation of Mass Change Patterns of the CMRA Using Inverse 
Eigenvalue Analysis  
5.5.1 Overview and Analysis 
 
When one of the resonators of the CMRA absorbs mass, we can identify which mass has 
changed by using an inverse eigenvalue analysis; this requires a knowledge of the perturbed 
eigenvalues (or eigenfrequencies) and perturbed eigenvectors.  Since the perturbed 
eigenvectors are complicated to measure, the unperturbed eigenvectors will be used in the 
estimation of the mass changes pattern of the CMRA.  Hence, it is important to ensure that the 
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eigenvectors are stable against mass changes. The eigenvectors of the unperturbed system 
were used to transform the mass and stiffness matrix into a generalised mass matrix [MG] and 
generalized stiffness matrix [KG].  A simple relationship exists between the eigenfrequencies, 
ωi and the elements of the generalised mass and stiffness matrices:- 
2 ii
ii
G
i
G
K
M
ω =                              (Equation 5-4)    
 
Assuming, a mass ∆m1 is added to resonator 1 (R1), then a perturbed set of eigenvalues will 
be obtained;   and since the stiffness matrix is unchanged, we may uniquely identify the 
generalised mass matrix. We can then transform this back to the real mass matrix, so 
identifying ∆m1, if we have the new eigenvectors or if the unperturbed eigenvectors are 
sufficiently unchanged.  The challenge is to have the CMRA structure design, in which any 
small change of masses should give insignificant change to the eigenvectors of the 
unperturbed system.  
The performance of the three CMRA(s) (5 Constant Mass CMRA, 5 Staggered Mass 
CMRA, and 5 Staggered Stiffness CMRA) were examined by adding a mass of 1 x 10-11kg, 1 
x 10-12 kg, and 1 x 10-13 kg separately to each resonator (R1, 2 ,3, 4 and R5). Then the 
unperturbed eigenvectors were used to estimate the perturbed mass (epm). Errors of mass 
estimation, Eest were calculated by comparing the estimated perturbed mass, epm and the 
actual perturbed mass, apm added to the structure: 
 
Eest  = | epm  - apm|               (Equation 5-5) 
  
 
The performance of the three CMRA(s) was compared by calculating the errors of mass 
estimation, Eest for the sensor structures when absorbing similar amount of mass. 
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5.5.2 Result and Discussion 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.17  Eigenvectors stability analysis; mass change pattern of CMRA estimated using 
inverse eigenvalue analysis and error of mass estimation: (a), (d) Constant Mass CMRA; (b), 
(e) Staggered Mass CMRA; (c), (f) Staggered Stiffness CMRA 
 
Figure 5.17(a) (b) and (c) compare examples of the estimated mass using the inverse 
eigenvalue analysis and the unperturbed eigenvectors of the structure for the 5 Constant Mass 
CMRA, 5 Staggered Mass CMRA and for 5 Staggered Stiffness CMRA respectively.  
Comparing the error of mass estimation at R1 between the staggered CMRA and constant 
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CMRA; the error for the Staggered Mass and Staggered Stiffness CMRA (Figure 5.17 (e) and 
(f)) was 72% and 71% when the resonator absorbs 1e-12Kg of mass.  However for the 
Constant CMRA, (Figure 5.17 (d)), the estimations of mass using the unperturbed 
eigenvectors can be considered invalid, since it causes very high error.  Further to emphasize, 
even though the 70% errors are quite high for the staggered CMRA, we can clearly 
distinguish the mass change pattern of the five coupled resonators when only R1 absorbs the 
mass.   
Therefore, from the analysis presented above it is clear that staggering the mass of 
coupled resonators has resulted in the stabilization of the eigenvectors of the structure (refer 
to Appendix D and E for the new perturbed eigenvectors compared to unperturbed 
eigenvectors for both staggered structure and a complete stability analysis result).  As a result, 
any small amount of mass absorbed by the resonators, will not affect the designed 
eigenvectors of the structure. Hence, it is then valid to use the unperturbed eigenvectors to 
estimate any mass changes absorbed by the resonator. 
 
5.6 Impact of Manufacturing Variation on the CMRA performance  
 
5.6.1 Manufacturing Variation Quantification   
5.6.1.1 Overview 
 
Monitoring MEMS fabricated geometries is as fundamentally important as tracking material 
properties [121]. By measuring the geometrical dimension of the fabricated structure, the 
level of the process variation can be estimated. In this research, the geometrical dimension of 
the comb-drive resonators which were fabricated using the INTEGRAM SOI micromachining 
processes (outsourced) [150] were measured using a scanning electron microscopy (SEM).  
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Using the data, an analysis was performed to estimate the impact of the manufacturing 
variation on the  performance of the CMRA  (Section 5.6.2).  
Fundamentally, the key impact parameter is the resonant frequency of the structure:- 
Resonant frequency,   
m
k
=ω       (Equation 5-6) 
 
This means that, 








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 ∆
−
∆
=
∆
m
m
k
k
2
1
ω
ω
     (Equation 5-7) 
The variation of the fundamental frequency (∆ω) relates to the change of the structure 
stiffness (∆k) and effective mass (∆m) of the structure (Equation 5-7).  The change of the 
structure stiffness or mass due to the change of the nominal designed dimension causes part to 
part variation (e.g. the variation between single resonators) as well as the overall structure. 
   
 
 
 
 
 
 
Figure 5.18 Analysis steps - Impact of manufacturing variation analysis on the CMRA 
performance 
 
Figure 5.18 highlights the analysis steps in quantifying the process variation and analyzing the 
impact of the manufacturing variation on the CMRA performance.  The measured geometrical 
dimension of the fabricated structure is analyzed using a statistical analysis.  The analyzed 
data is used to generate random variables used to represent the geometrical structure 
Structure Fabrication  
Variation Quantification & Statistical Analysis 
Performance of Designed CMRA 
Impact of Variation (Lumped Mass Analysis) 
Analysis) 
Frequency Response Measurement: Single and coupled 
structure 
Random variables generation (to represent structure variation) 
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variations.  The generated random variables are then used in the manufacturing variation 
analysis in order to estimate the impact of the process variation on the designed CMRA.    
5.6.1.2 The variation quantification and Statistical Data Analysis  
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.19 (a) Scanning electron microscope (SEM) images of constant coupled resonators;  
(b) Anchor spring;  (c) Coupling spring; (d) Comb fingers;  (e) Linked mass 
 
 
To quantify the variation, 3 INTEGRAM chips (5 x 5 mm in size) which contain single and 
triple constant mass coupled comb drive resonators were measured using an environmental 
scanning electron microscope (XL-30 FEG-ESEM).  Refer to Table 5-10 for the nominal 
designed dimension of the INTEGRAM resonators.  
The geometrical parameters to be measured are based on the number of repeated 
elements in the coupled structures (i.e. probability each element will vary due to process 
variation) which include length and width of the anchor spring (LASP, bASP), length and width 
of the coupling spring (LCSP, bASP), length and width of the linked mass (LLM, bLM), and length 
and width of the comb fingers (Lf, bf).  It is important to note that since the integrated comb-
drive resonator is a lateral device, the thickness of the device layer has a little effect upon the 
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resonant frequency of the device and therefore was not measured extensively. Figure 5.19 
illustrates the geometrical parameters which were monitored and measured using the SEM. 
The geometrical measurements were done using the secondary electron detector in the SEM.   
Before the measurement of the structure, the ESEM system was calibrated using 2 
magnification standards (19.7 line per mm (low magnification) and 2160 lines per mm (for 
high magnification)) [151].  To measure one geometrical dimension of the structure, three 
measurements were made and an average is taken to establish 1 data sample of the structure 
dimension. 
 In order to analyze the variation of the geometrical dimension of the fabricated 
structure, a simple statistical data analysis was established. The mean (µ) and standard 
deviation (σ) of the fabricated structure were calculated using 1-sample t test analysis with 90 
percent confidence interval. The variation was calculated in terms of a manufacturing 
tolerance, V1 (variation between the fabricated and designed structure) (V1= ((µ – µo)/ 
µo)*100) and a part to part variation of the fabricated structure (V2 = (σ / µo)*100)).  Where, 
µ: population mean of the fabricated samples; µo: mean of the nominal designed dimension; 
and σ: standard deviation of the sample data analysis. 
 
5.6.1.3 Result and Discussion 
 
Figure 5.20 shows an example of one of the measured geometrical dimension for the comb 
finger length with 9.9µm mean (µ) of the population sample.  From the data distribution, the 
measured dimensions are always less than the nominal design dimension (i.e. 10µm). The 
manufacturing tolerance and part to part variation for the length of comb finger for the 
selected INTEGRAM chip (Table 5-10) are -0.94% (always less than the nominal design 
parameter) and 0.47% respectively.  
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Figure 5.20 Example of comb finger length measured data distribution. 
 
 
Table 5-10 contains the results of the quantified variation data analysis measured on a single 
chip.  As can be observed, the width of anchor spring (bASP), coupling spring (bCSP), and the 
width of finger (bf) with the smallest nominal design dimension (i.e. 3µm sizes) show the 
highest manufacturing tolerance and part to part variations. With such level of the part to part 
variation, we may presume that the variation may significantly change the stiffness and mass 
of resonators; and hence the frequency response of the resonator.  To further confirm the 
deduction, the quantified variation data were then used in the next section of analysis to 
analyze the impact of the process variation on the CMRA sensor performance (5 Constant 
Mass CMRA). 
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Table 5-10  Manufacturing Variation data analysis – measured on a single INTEGRAM chip 
 
 
 
5.6.2 Impact of Manufacturing Variation Analysis 
Due to nature of the manufacturing processes in MEMS, variation is inevitable.  However the 
variation may help to improve some aspects of the CMRA structure design.  As we discussed 
earlier in Chapter 3, and 4 the constant Mass design of the CMRA gives a potential problem 
in distinguishing any masses absorbed by the sensors since a unique frequency response 
pattern is not generated. Furthermore, due to the symmetrical mass design, the perturbed 
eigenvectors of the Constant CMRA structure are always different compared to the 
unperturbed eigenvectors. In this section an analysis is conducted to identify how the 
variation may alter the geometrical dimensions of the 5 Constant Mass CMRA (refer to 
Appendix G for the impact of the variation on a single comb-drive resonator) .  Each 
resonator may have a slightly different mass, which will may help to improve the 
Dimension / 
(no. of N samples) 
Mean - 
nominal 
Parameter, 
µo [µm] 
Mean - 
fabricated 
parameter, 
µ [µm] 
Standard 
deviation 
σ 
Manufacturing 
tolerance 
V1[%] 
Part to 
part 
variation 
V2 [%] 
Anchor Spring 
width, bASP /  (24) 
 
3 
 
4.298 
 
0.0460 
 
[43.30] 
 
1.53 
Anchor Spring  
Length, LASP  (24) 
201 (s) 
216 (L) 
200.19 
214.07 
0.6630 
0.7250 
[-0.40] 
[-0.89] 
0.33 
0.34 
Coupling Spring  
Width, bCSP /  (12) 
3 4.295 0.0597 [43.17] 1.99 
Coupling Spring  
Length, LASP  (6) 
455 
 
454.37 
 
0.519 
 
[-0.14] 
 
0.11 
 
Width  of Linked 
Mass, bLM  (12) 
19 20.09 0.0569 [5.72] 0.30 
Length  of  Linked 
Mass, LLM  (12) 
38 37.67 0.0940 [-0.87] 0.25 
Comb finger  
Width, bf  (24) 
3 4.23 0.0506 [41.06] 1.69 
Comb finger  
Length, Lf (24) 
10 9.91 0.0470 [-0.94] 0.47 
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distinguishability of the CMRA output signal.  In order to analyze the overall CMRA 
performance and the impact of variation, a lumped mass structure model was established 
which relates between ωn , k and mR of the 5 coupled resonator array structure (from Equation 
5-2).  
 
(ωn )2   [X]     =    [M-1] [K] [X]                           
         
                                               
The numerical analysis was undertaken to calculate the effective mass and stiffness of the 
resonators (refer to Appendix F) so that they are comparable with the FEA value. The 
numerical derived effective mass and stiffness were then substituted into Equation 5-2. Using 
MATLAB the 5 eigenfrequencies and eigenvectors of the CMRA were computed.  The 
manufacturing variation was introduced into the model using random variables which were 
generated based on the quantified µ (mean) and σ (standard deviation) of the fabricated 
structure which was described earlier in Section 5.6.1.   
 
As an example, a random variable for finger width RanWFin : 
        
 
RanWFin = LoLWFin + (UpLWFin - LoLWFin) * Rand (1,N)  (Equation 5-8) 
   
Where, LoLWFin, is the lower limit of the WFin variable;  
   
=  µWFin – (TWFin (N) * σ WFin)/sqrt (N + 1)      (Equation 5-9) 
 
 
UpLWFin is the upper limit of the WFin variable; 
 
=  µWFin  + (TWFin (N) * σ WFin)/sqrt (N + 1)       (Equation 5-10) 
 
Rand (1,N) is a MATLAB command to generate N random numbers between 0 and 1 (i.e. 
based on a uniform distribution).  TWFin (N)  is a statistic 1 sample t test value for the N sample 
size of the quantified parameters.  The generated random variables were then fed into the 
lumped mass model analysis to represent all the considered geometrical changes due to the 
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manufacturing variations. The effect of variation (i.e. based on worst case scenario; change of 
length and width of the anchor spring, comb fingers and linked mass)2 before and after mass 
were added to the structure were simulated.  
 
5.6.2.1 Result and discussion 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.21  The effect of manufacturing variation on the Constant Mass CMRA; (a), (b)  
Measurability of sensor output signal; (c) Distinctiveness of 5 modal frequencies when single 
resonator R1 and R5 absorbs similar amount of mass; (d) The eigenvectors of initial and 
single resonator mass change 
 
 
                                                 
 
2
  A sensitivity analysis such as using the Monte Carlo simulation to indicate which are the most important 
geometrical parameter in influencing the performance of the CMRA is beyond the scope of the thesis.  However, 
since the CMRA is a lateral device, from the analytical expression for the effective stiffness and mass of the 
integrated comb-drive resonator (Appendix F, Equation F-1 and F-3), the resonator stiffness (k) is inversely 
proportional to length cubed (L) and proportional to width cubed (b) of  the resonator anchor spring.  The 
sensitivity of change of mass (m) with the change of b and L is less compared to the change in stiffness. The 
structure thickness (h) has a small effect on the resonator natural frequency   (a proportional effect of h on the 
stiffness and resonator mass is cancelled to each other); So, the stiffness dominates the structure resonant 
frequency, which is related to the width and length cube of the resonator anchor spring. 
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Fig. 5.21 shows analysis results of the effect of manufacturing variation on the CMRA sensor 
performance. The change of the geometrical dimensions due to the process variation, may 
alter the mass and stiffness of the coupled elements.  Considerable increase in some resonator 
stiffness or mass will reduce  some eigenvectors of the structure. As a result some modes of 
the CMRA frequency response will approach zero; instead of getting 5 response peaks for the 
5 CMRA, only 4 peaks or less may be observed when the frequency response of the structure 
is measured. Figure 5.21(a) displays the effect of variation analysis result on the relative 
displacement of the coupled resonators on a particular simulation run. Assuming that 
eigenvectors which less than 0.025 is unable to be measured; out of 100 CMRA variations 
only 68% may produce 5 response peaks.  Figure 5.21(b) shows an example of eigenmode 
analysis of the unperturbed CMRA; due to the variation, the eigenvectors of mode 1 (i.e. R1) 
retracted to zero. As a result, if the frequency response of the predicted CMRA is measured at 
R1, only 4 modal frequencies are expected to be measurable. 
 However, as a result of the alteration of the mass and stiffness of the coupled elements, 
some modal frequencies of the structure may be changed, which will enhance the uniqueness 
of the frequency response of the Constant Mass CMRA.  Figure 5.21 (c) demonstrates the plot 
of eigenfrequency differences of the 5 CMRA when R1 (resonator 1) and R5 absorbs similar 
amount of mass separately. Instead of having 5 similar modal frequencies due to the constant 
mass design of the coupled resonators, it can be predicted that the variation may significantly 
modify  the distinctiveness of the frequency response of R1 and R5 single resonator mass 
change.  If we consider a 5Hz frequency difference or below is less distinguishable response; 
from the impact analysis, 86.6% out of 100 CMRA  produces distinctive response pattern (i.e. 
frequency difference is more than 5 Hz).  Figure 5.21(d) shows an example of stable 
eigenvectors of a single resonator mass change when the variations were imparted in the 
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analysis.  It can be predicted  that  due to the change of some mass of the coupled resonators, 
the stability of eigenmodes of some single or multiple resonators sensor may be improved. 
 
5.7 Summary and Conclusion 
 
This chapter presents and discusses the second version of the CMRA design based on  the 
integrated coupled comb-drive resonators.  The 5 Constant CMRA was designed in order to 
examine the effect of the manufacturing variation on the performance of the constant mass 
CMRA. For uniqueness of the frequency response pattern and stability of the system 
eigenvectors, the research proposed two staggered CMRA structure designs; (i) 5 Staggered 
Mass CMRA, and (ii) 5 Staggered Stiffness CMRA.   
 Driving or monitoring the CMRA structure at different resonators may produce 
different response patterns, depending on the mass and stiffness configuration of the 
resonator. For the specific CMRA design, the difference of the response pattern is related to 
the response amplitude of the structure.  The 5 modal frequencies of the structure remain 
similar with respect to any drive or readout. For example, driving the ideal Constant CMRA 
from resonator 1 (R1) and measuring the output either at R1 or R5 produce similar response 
pattern due to the symmetrical structure mass design. However, driving or measuring the 
staggered CMRA at different resonators will cause different frequency response pattern for 
the structure.  The differences are associated with the unique response amplitude of the 
resonators due to different mass and stiffness configurations of the resonator. 
 Although with the CMRA-v2 structure design, flexibility arises in measuring the output 
signal of the structure (i.e. different drive and readout selections); the drive or readout points 
need to be selected properly in order to measure all the 5 response peaks of the structure.  As 
analysed for the Constant CMRA, due to the symmetrical design, measuring or driving the 
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structure at R3 produces only 3 peaks of responses. There are 2 missing eigenfrequencies 
associated to the eigenmode 2 and 4.  Referring to the R3 at the two missing modes, the 
resonator reacts as a node (0 eigenvector) with zero resonator displacement.  
From the FEA analysis result of the unperturbed CMRA, it is confirmed that the second 
version of the CMRA is measurable with sufficient capacitances to be processed by the 
readout measurement system.  The uniqueness of the frequency response pattern and the 
stability of the system eigenvectors after mass is added to the resonators (perturbed structure) 
were then analysed in Section 5.4 using the lumped mass model analysis.  
From the lumped mass analysis of the three CMRA(s), it was confirmed that the 
Constant Mass CMRA always produces similar frequency response pattern for the first and 
second half of the resonator array. The response of R1 mirrors R5 and R2 mirrors R4. 
Furthermore the system eigenvectors of the structure is always unstable.  The structure was 
then further analysed in Section 5.6, to examine how the manufacturing process variation may 
affect the performance of the Constant Mass CMRA.  
For the staggered CMRA design, both structures always produce unique frequency 
response patterns for any single resonator mass changes.  Considering the uniqueness of the 
CMRA modal frequency shift, the  perturbing mass which is less than 1 x 10-12kg    may be 
regarded as being below the detection limit. From the eigenvectors stability analysis, the 
eigenvectors of the Staggered Mass CMRA remain stable when the perturbing mass is 
significantly less than the staggered mass. At a minimum and maximum staggered mass of 
3.09 x 10-11kg (R3 compared R2) and 9.91 x 10-11kg (R2 compared R1), the limit of the 
perturbing mass for a single resonator mass change is as follows:  3.0615 x 10-11kg (R1), 1 x 
10-11kg (R2), 1x 10-12kg (R3 and R4), and 1x 10-13kg (R5).  By staggering the length of 
resonator anchor spring for the Staggered Stiffness CMRA (i.e. at minimum and maximum 
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staggered mass of 6 x 10-13kg (R2//R1) and 3.2 x 10-12kg (R5// R4)), all the eigenvectors of 
the single resonator mass change remained stable even though the perturbing mass is slightly 
higher than the staggered mass (i.e. 1 x 10-11kg).  Restraining the resonator displacement at 
the end of the structure array improves the eigenvectors stability.   
 To confirm the stability of the system eigenvectors of the three CMRA(s) structure, the 
inverse eigenvalue analysis was performed to estimate the amount of perturbed mass using 
unperturbed system eigenvectors in Section 5.5.  For the Constant Mass CMRA, the 
eigenvectors of the perturbed structure are always unstable compared to unperturbed 
structure; the inverse eigenvalue analysis produced no valid mass change pattern.  The 
determination of mass changes pattern of both staggered CMRA(s) produced an error about 
70%. Although the error between the actual perturbed mass and estimated perturbed mass are 
considered high, but the mass change pattern of the structure was clearly observed.  
Manufacturing variation in MEMS fabricated device causes the structure tolerance and 
part to part variation. From the variation quantification of the INTEGRAM chip, the variation 
is more significant for smaller nominal geometrical dimensions than larger structures. An 
example for the 3µm nominal dimension of the anchor spring width, the manufacturing 
tolerance is about 43%, and part to part variation is estimated around 1.53 percent.  From the 
impact of the manufacturing variation analysis on the Constant Mass CMRA performance, the 
variation may reduce the measurability of the frequency response output of some of the 
coupled sensors. However, it can be predicted that the variation may help to naturally stagger 
the geometrical dimension of the CMRA for uniqueness of the response patterns of the 
CMRA as the mass detection sensors for the artificial nose. The variation may help to modify 
the stability of the CMRA system’s eigenvectors, so that it will be insensitive to any small 
amount of mass absorbed by the sensor.  
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To summarize, in order to confirm the performance of the CMRA sensor (i.e. measurability 
and uniqueness of the frequency response of the 5 eigenmodes, stability of the structure 
eigenvectors for estimation of the mass change pattern  of the coupled sensors, and the effect 
of manufacturing variation on the CMRA frequency response), the three CMRA(s) structures  
(5 Constant Mass, 5 Staggered Mass, and 5 Staggered Stiffness) will be in-house fabricated 
(Chapter 6). The single comb-drive resonator also will be fabricated in order to examine effect 
of the input driving voltage, vacuum chamber pressure and mass loading effect on the 
resonator frequency response.  Three similar single resonators of fixed-fixed beams and 
integrated comb-drive resonators are fabricated on a single chip in order to observe how the 
process variation may affect the frequency response of the single resonator.  
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CHAPTER 6   - FABRICATION AND PACKAGING 
 
6.1 Introduction  
 
This chapter describes the fabrication processes of the CMRA, which includes:- 
• Single resonator: fixed-fixed beam (CMRA-v1) and comb-drive resonator  
• 5 Constant Mass, 5 Staggered Mass and 5 Staggered Stiffness CMRA (CMRA-v2) 
The single fixed-fixed beam resonator was fabricated using 5µm SOI (silicon-on- insulator) 
wafer and the CMRA-v2 was fabricated using 20µm SOI wafer.  Section 6.2 begins with the 
SOI material selection.  The fabrication processes are described in Section 6.3.  Section 6.4 
describes the Mask Design in order to realize the CMRA structure.  Processes details to 
fabricate the CMRA are discussed in Section 6.5.  The fabricated structure is observed at each 
major process stage using an Optical Microscope (OM) or SEM (Scanning Electron 
Microscope).  Section 6.6 discusses the observed structure and highlights the constraints in 
the process fabrication.  In order to measure the output signal of the CMRA, the structures are 
metalized and wire bonded.  Both processes are discussed in Section 6.7.  To examine the 
effect of mass loading on the frequency response pattern of the CMRA, a platinum (Pt) mass 
using a focused ion beam machine (FIB) is deposited on the single and the coupled resonators 
(CMRA-v2).  The experiments and processes related to the FIB machine is highlighted in 
Section 6.8.    
 
 
6.2 Single-Crystal Silicon and Silicon-on-Insulator (SOI) Materials 
 
Silicon-on-insulator (SOI) material is a silicon (Si) wafer having an oxide layer buried below 
the surface of a thin film of single-crystal silicon layer. The SOI is of interest for MEMS 
because it provides a relatively simple way to fabricate suspended structures in the single-
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crystal silicon [131].  The wafer offers great advantages for the resonator technology, where it 
employs a single sided wafer processing approach with etch selectivity.  The suspended 
structure can be released by removing the buried oxide layer between the silicon device layer 
and the silicon handle layer.  The oxide can be removed either using wet etching or dry 
etching processes [152].   
 
Table 6-1  SOI wafers thickness for CMRA structure fabrication 
 
SOI wafer layers Thickness of layer, µm 
(SingleR-Fixed-fixed beam) 
Thickness of layer, µm 
(Single and CMRA-v2) 
Silicon device layer 5 20 
Buried oxide layer (BOX) 2 2 
Silicon handle layer 450 500 
 
The SOI wafer material (Table 6-1) was chose for the CMRA structure fabrication due to 
excellent properties of the silicon crystal for the resonator and the available processes to 
fabricate the structure.  The single-crystal silicon has excellent resonating properties such as 
very high intrinsic Q-factors, it surpasses an aluminium in strength to-weight ratio, does not 
show mechanical hysteresis or fatigue and has a low thermal expansion coefficient [131].  It 
therefore, makes an ideal material for the resonators and high performance sensors such as the 
CMRA.   
 The MEMS silicon resonator also can be designed to be integrated with electronic 
circuits, sensors [95] or IC (Integrated Circuit) technology  [153].  The silicon and SOI 
material provides technological advantages for the CMRA fabrication since multiple 
resonators can be designed, and released on a single chip. Using the SOI material technology, 
many devices can be realized and fabricated on a single wafer.   
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6.3 Overview of the Fabrication Process Flow and Structure Packaging 
 
 
 
   
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6.1  Process Flow of CMRA Fabrication (Note: blue arrow is only for 20µm SOI 
device layer structure (CMRA-v2))  
 
MEMS processes can be divided into bulk micromachining and surface micromachining [17].  
Bulk micromachining processes were used to fabricate the CMRA structures.  In bulk 
micromachining processes,  material is selectively removed from a substrate by chemical 
etching [131].  Figure 6.1 summaries the fabrication process.  The principal steps are resist 
coating, pattern transfer using lithography, development process, DRIE (dry reactive Ion 
etching), and HF released process.   
Wafer Cleaning, Resist Coating & soft bake 
Dry Reactive Ion Etching (Photoresist Mask) 
Structure Releasing (HF) 
Metallization 
Fixed-fixed beam resonator: In-house (Gold) 
CMRA-v2: Out-sourced (Aluminium) 
Structure Observation 
Structure Observation 
 
Lithography & Resist Development 
Wafer Cutting, Photoresist Stripping & Cleaning 
 
Structure Observation 
 
Structure Movement Observation) 
Wire Bonding 
Continuity/ short circuit checking 
Dry Reactive Ion Etching (Silicon Oxide mask) 
 
Structure Observation 
 
5 µm SOI 
device layer 
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Figure 6.2 is a schematic diagram of the cross section of both the 5µm and 20µm Si devices at 
each stage of the fabrication process.    
 
(a) 
 
Resist coating 
 (f) 
 
Resist coating 
(b) 
 
 
Photolithography and development 
 (g)                                      
 
 
Photolithography and development 
(c) 
 
RIE 
(h) 
 
RIE: SiO2 and Si 
(d) 
 
 
Stripping off resist and wafer 
cleaning 
(i)                       
 
 
Stripping off resist wafer cleaning 
(j)                   
 
Further RIE 
(e) 
 
HF release 
(k)            
HF release 
 
      Resist;     Si Oxide     Si device;      Buried oxide (BOX) ;       Si handle 
Figure 6.2  schematic diagram of structure device layers at each of process step; (a) – (e): 5µm 
Si structures;  (f) – (k): 20µm Si structures 
 
When fabricating the 5µm Si devices SOI, the photo resist layer was used to etch the 5µm 
silicon device layer directly (Figure 6.2(a) – (c)). In contrast, the 20µm Si devices employed 2 
mask layers (photo resist and SiO2 mask layer); the photo resist layer was used to etch the 
SiO2 mask layer and about one third of the Si device layer (Figure 6.2(f) - (h)).  The structures 
were then finally etched using the oxide mask layer (Figure 6.2(j)) after wafer dicing process 
and stripping off the resist.  
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Often, photo resist is not tough enough to withstand a longer etching process (i.e. to deep etch 
20µm Si devices). In such case, a thin film of a tougher material is deposited and patterned 
using a photolithography [154] . In the fabrication of the CMRA-v2, the SOI wafer with a 
160nm silicon oxide thin film was deposited on the top layer of the wafer (out-sourced). The 
oxide film acts as the main etch mask during the etching of the Si material and as the 
secondary layer to cover the structure during wafer cutting process.  The CMRA based on the 
comb-drive resonator structure is a complex structure with many sub-structure elements.  For 
the 5 coupled resonators, the structure contains 5260 fingers, 20 anchor springs and 4 
coupling springs. With such a structure the chances that some of the structural elements may 
be broken or contaminated during wafer cutting are high.  The SiO2 mask layer is very 
important in order to cover the structure during wafer dicing process. 
Processes details for both 2 different Si devices thicknesses are provided in Section 6.5. 
 
6.4 Mask Design 
 
The mask is crucially important in bulk micromachining processes to transfer the pattern of 
the structure onto the wafer using a lithography process. The mask not only includes a design 
and layout of the structures on a single chip, but also arrangements of different chip designs 
on a wafer. To explain the mask design, this section discusses the mask design for the second 
version of the CMRA (CMRA-v2).  The mask comprises of 4 designs of the CMRA-v2; (1) 5 
Constant Mass CMRA, (2) 5 Staggered Mass CMRA, (3) 5 Staggered Stiffness CMRA and 
(4) Single comb drive resonator.  The structures were laid out on 3 separate chips (5 x 5 mm).  
The mask was designed to ensure the structure will be successfully etched and released; the 
wafer can be diced to an appropriate chip packaged, wire bonded and electronically tested.  
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6.4.1 Type of mask 
 
  
Figure 6.3 (a) SEM image of comb finger, fabricated using polyester film mask; (b) A photo 
of the chrome glass mask for the CMRA-v2 structure fabrication   
 
The mask material determines the final quality of edge of the fabricated structure. Figure 6.3 
(a) is an example of wavy edge comb fingers which were patterned transfer using a polyester 
film mask.  To improve the edge of the structure, glass chrome mask (Figure 6.3 (b)) was 
used to lithographically transfer the structure pattern.  
 
6.4.2 Etching Channel Aspect Ratio 
 
  
 
 
 
 
 
 
Figure 6.4  Top view of a portion of the resonator design with a minimum channel width of 
3µm (Note: all dimensions in µm) 
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The aspect ratio refers to the ratio between the depth and the width of a channel to be etched 
using a reactive ion etching process (RIE). As shown in Figure 6.4, the channel to be etched is 
the area where the resist has been removed after a lithography and development process 
(positive photo resist).  Increase in the aspect ratio, slows the etching process  [150].  With 
20µm CMRA structure thickness, the channel etching process is controlled by fixing the 
minimum width of the channel to be etched to 5µm.  Hence, the maximum aspect ratio was 
kept to 4:1.  However, the higher aspect ratio (6.7:1) for the gap between the fixed and 
moving fingers which was designed with 3µm is unavoidable (Figure 6.4). Therefore, more 
care is required during the structure fabrications to ensure the gap area is properly etched.  
Furthermore, to ensure the structure is etched uniformly, it is important for all the channels to 
be designed with even aspect ratios. 
 
 
 
6.4.3 Size of the Suspended and Anchored Structure  
 
The CMRA mask was designed to ensure that the suspended structure is successfully released 
using an HF (hydrofluoric acid) etching process. The important considerations are the 
maximum size of the suspended structure to be released and also the minimum size of bonded 
pads to be retained to anchor the fixed structure. To ensure the CMRA is released evenly, all 
the structures were designed with a maximum of 5µm width.   To design the anchor pad size, 
a guide provided by the INTEGRAM (Europractice) [150] was used.   For a maximum of 
50µm structure to be released a lateral undercut is in excess of 35µm.  Hence, to release the 
maximum of 5µm beam, the lateral undercut is at least 3.5µm per edge. To securely retain the 
pad after HF release, the pad was designed at least four times the size of undercut (14 x 
14µm).  
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6.4.4 Size of Wire Bonded Pad  
 
 
 
 
 
 
 
 
 
 
 
Figure 6.5  Schematic of wire bonded pads of the comb drive resonator  
 
To ensure successful wire bonding process the wire bonded pads need to be designed at least 
100 x 100µm sizes. Due to space constraints, the CMRA-v2 wire bonded pads were designed 
slightly small in terms of the pad width (95µm) but the pad length was increased to 237µm 
(Figure 6.5).  
 
6.4.5 Gap and Alignment for Chip Dicing Requirement 
To ensure the wafer can be diced properly into chips a cutting mark (Figure 6.6) on the wafer 
is necessary to align the cutting lines during the dicing process. Since, 3 different chips 
designs were placed and repeated on the mask, a chip identification mark was  included 
(Figure 6.6).   
 
 
 
95 µm 
237 µm 
Wire bonded pad 
Wire bonded pad 
Wire bonded pad 
Wire bonded pad 
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Figure 6.6  A portion of schematic of mask design with cutting mark and cutting width 
 
 
6.5 Detail Fabrication Processes 
 
6.5.1 Soft Wafer Cleaning 
 
The process is started by cleaning the SOI wafer. While the wafer is placed on the spinner, 
acetone was sprayed on the wafer surface, and the spinning process started. Before the 
acetone is dry, the IPA (Isopropyl Alcohol) is sprayed onto the wafer and the speed of the 
spinner is increased.  To dry the wafer, the soft cleaned wafer was pre baked on a hot plate at 
least for 50 seconds and at 115oC.   
 
6.5.2 Primer and Resist Coating 
 
The research used HMDS (Hexamethyldisilizare) as a primer coating and S1805 a positive 
photo resist.  The HMDS was employed to help an adhesion of the photo resist with the wafer.  
To ensure clean resist coating, the primer and the resist were applied on the wafer using a 
syringe and a PVDF filter media (Figure 6.7). Approximately 2 to 3ml HMDS liquid was 
dropped slowly at the centre of the wafer and the wafer was spun using 3 stages of spinner 
Chip mark: 
Staggered Mass 
CMRA 
60µm 
Cutting mark 
148 
speed (480rpm, 10s; 3000rpm, 45s; and 480rpm, 10s).  Immediately, after that around 3 to 
5ml S1805 was applied and spun on the wafer at 3 stages of spinner speed (200rpm, 10s; 
3000rpm, 30s; and 480rpm, 10s).  Figure 6.2(a) and (f) show the schematic of the resist layer 
(red colour) for both 5 and 20µm SOI wafers respectively.   
 
 
 
 
 
 
 
 
 
Figure 6.7 (a) PVDF filter media used to filter the resist; (b) The filter fixed to the syringe tip 
 
 
Before patterning, the wafer was soft baked at a temperature of 115oC on the hot plate for 2 or 
3 minutes.  It is important to note that the flatness of the spinner and the smoothness of hot 
plate have significant effects on the evenness of the resist coating across the whole wafer.    
The soft bake time may have significant effects on the exposure time (lithography) and 
development process which is further explained in the next section. 
 
6.5.3 Pattern Transfer Using Lithography and Development Process 
 
Using the chrome mask, the SOI wafer which was coated with photo resist is patterned 
transfer using a Canon Mask Aligner (PLA-501 FN, Figure 6.8).  As emphasized by Fedder  
[155], to ensure an accurate pattern transfer, the exposure and process parameters which need 
to be considered are wavelength (λ) of the radiation source, resist thickness, exposure time, 
surface roughness of the structure and temperature of the exposure operation. The wafer was 
exposed under UV (ultraviolet) light using a hard contact scheme.  This is the most crucial 
 
 
(a) (b) 
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stage to ensure the structure pattern is correctly transferred, with the intended geometrical 
shape, remains clean, and is free from any defects.  The exposed photo resist was then 
developed using MF 319 to create the desired etch mask for the subsequent dry etching 
process.   
 
Figure 6.8 Mask aligner machine (PLA-501 FN) for photolithography process 
 
Table 6-2 Experiment data: the effect of different soft bake time, exposure time and 
development time on comb finger pattern (CMRA-v2) 
 
Experiment Soft bake time 
(minutes) 
Exposure time 
(seconds) 
Development time 
(seconds) 
3 3.8 30 Effect of soft 
bake time 5 3.8 30 
2 2 60 Effect of 
exposure time 2 4 60 
3 3.6 10 Effect of 
development time 3 3.6 20 
 
To examine the effect of soft bake time, exposure time and development time, the resist was 
spun on several plain Si wafers. The effect of the time was examined by soft baking a wafer 
for 3 and 5 minutes separately and other exposure and development time were fixed (refer to 
Table 6-2).  Then the developed wafer was observed (across the whole wafer based on 3 
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points observation) using an optical microscope. Particular attention was given to the pattern 
of the comb fingers. Refer to Section 6.6.1 for the result of observed structures. 
CNS and Xie [156] proposed that the S1805 may be soft baked at 3 minutes, exposed 
between 4 to 5 seconds and developed at 1 minute.   After several trial processes, the 5µm 
device and 20µm device thickness were exposed and developed for 4s,  60s and 3.6s, 20s 
respectively.   
 
6.5.4 Reactive Ion Etching (RIE) Process 
In RIE process, a glow discharge creates chemically reactive ions and radicals of etch gases.  
The reactive radicals adsorb on the silicon and react to form volatile products. The process 
also is assisted by ion bombardment which gives the etch process a certain directionality [131, 
157].  To etch the silicon a mixture of Sulphur Hexafluoride gas (SF6), Oxygen (O2) and 
Octafluorocyclobutane (C4F8) was used.  Overall, the gas combinations, pressure and plasma 
power influence the etch profile of the structure.   
     
Figure 6.9  Surface Technology System (STS machine) 
 
The wafer area which is not protected with the photo resist was dry etched using the surface 
technology system (STS machine, Figure 6.9). As an example, for the 5µm SOI device the 
wafer was etched for 2minutes and 40seconds.  For 20µm SOI device, at the first etching 
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stage, the 160 nm oxide mask layer was etched at 6nm per minute and further etching was 
continued to etch around 1/3 of the Si device layer.  In the second stage (after wafer cutting 
and stripping off resist), the diced and cleaned chips were stuck on a plain silicon wafer using 
3195M Thermal Release tape and the remaining 2/3 of the Si layer was etched. 
Before a structure release, it is important to ensure that the structure is etched to the 
buried oxide layer (BOX).  This can be confirmed by observing the colour of the etched layer 
under the optical microscope.  The colour may look greenish or light purple depending on the 
thickness of the Si device and the BOX layer.  Due to some tolerance of the Si device layer 
thickness, multiple mixed colours such as yellow, green, grey and white can be observed 
across the wafer surface before the etched layer approaches the BOX.  The BOX layer is 
confirmed once all the colours disappear.   
 
6.5.5 Wafer Cutting Process 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6.10 (a) DAD 320 (wafer dicing saw machine); (b) Diamond blade; (c) Wafer stuck on 
the tape holder and clamped on the vacuum chuck during cutting process; (d) Cut wafer 
 
 
(a) 
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Wafer stuck 
on the tape Tape holder 
Vacuum 
chuck 
 
(b) (d) 
152 
In order to release the suspended structure, the wafer was diced and further processes were 
carried.  To dice the wafer, the research used the wafer dicing saw machine (DAD320, Figure 
6.10(a)) and NBC-Z 1060 diamond blade (Figure 6.10(b)) with a size of 56.8 (outer diameter) 
x 0.05 (thickness) x 40mm (internal Diameter)).  Figure 6.10(c) shows the wafer which was 
stuck on a tape holder and clamped on the vacuum chuck during the cutting process and (d) 
the wafer after dicing process respectively. 
 
6.5.6 Chip Cleaning and Stripping off Resist 
 
To remove dust and contamination from the cutting process and also to strip off the photo 
resist mask layer, the selected chips from the diced wafer were cleaned using acetone, and 
IPA.  After cleaning with IPA, the chip was rinsed using the ionised water and blown with 
nitrogen gun.   The cleaning process in acetone and IPA may take few minutes or longer 
depending on the soft bake time of the wafer after resist coating process. In general, longer 
soft bake time, harden the resist and hence make it more difficult to remove the resist.  If the 
problem persists, it is necessary to clean the chips using O2 plasma (STS machine). The 
cleaning time using O2 may vary from 3 to 10 minutes depending on the lithography 
patterning process parameters. 
 
6.5.7 HF Release Process 
 
HF wet etching may be used to release the CMRA structure from the SOI material. The 
process can be done by dipping the chip which was held with Teflon tweezers, in HF 
(hydrofluoric) acid at 40% concentration. The HF liquid etches the buried oxide underneath 
the suspended structure at about 1µm per minute.  The etching process was terminated by 
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dipping and rinsing the chip with deionised water.  The chip may be dried using CO2 (Carbon 
dioxide) critical point drying or using Cyclohexane freeze drying process.  Or using other 
simple ways, the chip was rinsing in deionised water several times after HF wet etching 
process; then, the water was replaced with isopropanol (IPA) at least twice.  Finally, the chip 
(still held with tweezers) was placed in a clean bottle slowly dried overnight.  In most drying 
processes the released structure tends to stick to the substrate [131].  For the CMRA-v2 
structure the problem is more severe, with stictions occurring between the fixed and moving 
comb fingers.  Refer to Section 6.6.4 for examples of observed structure after HF liquid. 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
Figure 6.11  HF vapour release kit setup  
 
 
To solve the problem the research employed HF vapour processing. An HF vapour release kit 
was developed (developed by Anthony, Figure 6.11).  The chip was attached to the bottom 
surface of the head (chip holder, Figure 6.11(b), (c)) of the teflon bottle and the surface was 
heated between 32 to 35oC using the connected thermocouple.  Once the actual working 
temperature was achieved, the chip holder was transferred to the bottle which contains HF 
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liquid (40% concentration). The etch rate using HF vapour may vary between 0.15 to 0.5µm 
per minute depending on the working temperature during the exposure process. The 
processing time may vary slightly for each chip to be processed.  At the end of the exposure 
time, the chip holder was removed from the HF bottle and placed in the clean bottle for 
approximately 10 to 20 seconds.  Finally the chip was removed from the holder.           
                                                                          
6.5.8 Structure Movement Observation 
 
  
Figure 6.12 (a) Optical microscope with multiple D10 positioners, (b) A hair stuck to the 
positioner 
 
To ensure the structure is fully released, the structure was gently pushed using a hair and the 
movement was observed under an optical microscope.  Figure 6.12 shows the optical 
microscope which is equipped with multiple lever controlled positioners.  The hair was stuck 
onto the needle of the positioner (Figure 6.12(b)) and the structure was placed on the 
microscope platform during the checking procedure. 
 
 
6.6 Structure Observations  
Referring to Figure 6.1 for the process flow of the CMRA fabrication, the fabricated 
structures were mainly observed at 4 process stages which include:- (1) After lithography and 
Hair 
Microscope 
platform 
(a) (b) 
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development process; (2) Reactive Ion etching (RIE); (3) Stripping off resist (before HF 
process); and (4) After HF release process. The structure was observed using an optical 
microscope (Ergolux 200, Figure 6.13(a)) and dual beam FIB/SEM system (EDAX DB235, 
Figure 6.13(b)).  
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6.13 (a) Optical Microscope (Ergolux 200); (b) Dual beam FIB/SEM system (EDAX 
DB235) 
 
 
6.6.1 Observation 1: Photolithography and Development Process 
 
   
   
Figure 6.14 The effect of soft bake time (OM image, 3 observation points; micrographs scales 
at 100x magnification); (a)-(c): 3 minutes soft bake time, 3.8 s exposure, and 30 s 
development; (d)-(f): 5 minutes soft bake time, 3.8 s exposure, and 30 s development  
 
Figure 6.14 shows the OM image of the comb fingers which were soft baked at 3 minutes 
((a)-(c)) and five minutes ((d)-(f)) respectively. 3 minutes soft baking time may be sufficient 
2 
3 
 
 
1 
(a) (b) (c) 
(d) (e) (f) 
  
(b) (a) 
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to process the CMRA-v2, where the size of the gap between fingers almost similar with the 
size of the finger (was designed with 3µm gap and 3µm finger width, refer to Chapter 5).  
Compared to the structure which was baked for 5 minutes, the gap appears to be much 
smaller.  Longer baked time increases the hardness of the resist; hence the resist is more 
difficult to develop.   As can be observed, some finger tips are slightly bigger than the finger 
base (e.g. (f)).  This is expected due to the large exposed area at the finger base, where the UV 
light is accumulated in the area compared to the finger tip area. 
 
   
   
Figure 6.15 The effect of exposure time (micrographs scales at 100x magnification); (a)-(c): 2 
minutes soft bake time, 2 s exposure, and 60 s development; (d)-(f): 2 minutes soft bake time, 
4 s exposure, and 60 s development  
 
Figure 6.15 illustrates the effect of different exposure times on the structures which were 
processed on two separate wafers.  At similar soft bake time and development time, 
increasing the exposure time from 2s ((a)-(c)) to 4s ((d)-(f)), definitely decreased the size of 
the comb finger since the gap between fingers is increased.  Increasing the exposure time, 
increases the softened resist area.  Hence, enlarged the gap areas and reduced the size of 
fingers. 
Figure 6.16 shows the result of the structures which were soft baked at 3minutes, exposed at 
3.6s and developed at 10s ((a)-(c)) and 20s ((d)-(f)) separately.  As can be seen 10s 
2
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development time is not sufficient to clean the exposed resist. The structures only properly 
developed at 20s.   
 
   
   
Figure 6.16 The effect of development time (micrographs scales at 100x magnification); (a)-
(c): 3 minutes soft bake time, 3.6 s exposure, and 10 s development; (d)-(f): 3 minutes soft 
bake time, 3.6 s exposure, and 20 s development 
 
It is clear that the soft bake time, exposure time and development time have significant 
correlation to each other.  Appropriate analyses are required to ensure the right pattern is 
lithographically transferred onto the wafer. Although, most fingers are rectangular with a 
slight rounding near the finger tip, there are some variations on the finger shape pattern across 
the whole wafer as observed and discussed earlier (Figure 6.14 – 6.16).  It can be confirmed 
that the variation may significantly affect the final size of the fingers and other resonator 
elements. 
    
Figure 6.17 Example of observed defects after development process: (a) Foreign material; (b) 
Resist swelling; (c) Unclean resist (d) Pattern transfer defect 
(a) (b) (c) (d) 
2
3 
 
 
1 
(a) (b) (c) 
(d) (e) (f) 
158 
Defects free wafers are hard to achieve.  Figure 6.17 illustrates some common defects which 
were observed after the development process.  The research seeks for at least two or three 
structures for each single and CMRA design to be fabricated so that the response of the 
structure can be measured and compared.   
 
6.6.2 Observation 2: Reactive Ion Etching (RIE) 
 
 
 
 
 
 
 
 
 
 
 
Figure 6.18 (a) Optical microscope image of the mid section of the single fixed-fixed beam 
resonator after 2 minutes and 40 seconds etching process (at 20x magnification); (b) The fixed 
and comb fingers at 100x magnification 
 
Figure 6.18 (a) is an example of a single fixed-fixed beam resonator after 2 minutes and 40 
seconds dry etched process.  The comb fingers (b) show that the structure was properly 
released.  The fingers with rectangular shape and slightly round near the finger tip mimicked 
the pattern which was transferred to the wafer earlier.   
 
 
6.6.3 Observation 3: Before HF Release Process 
 
Figure 6.19 shows an example of the Staggered Mass CMRA structure after the second stage 
etching process in the STS.  It is important to ensure that the structure is clean and the Si layer 
is etched until BOX layer.  It is very important at this stage to ensure only structures that are 
 
(b) 
 
(a) 
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free defects are further preceded for HF process.  Common defects which were found at this 
stage are illustrated in Figure 6.20.  In Figure 6.20(a), where the fingers are connected to each 
other (not properly etched), the defects originate from the unclean resist in the development 
process. The debris from dicing processes may also sometimes be stuck between the etched 
structures (Figure 6.20(b)). Even though the structure is cleaned properly, it is difficult to 
remove the unwanted debris.   Improper wafer handling and the cutting force during the wafer 
dicing process may also break some structures, which are already partially released after RIE 
process (Figure 6.20 (c)).  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6.19 OM image of the CMRA-v2 (staggered mass) – ready for HF release process 
 
 
 
(c) (d) 
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Figure 6.20 Optical microscope images of the defects observed after O2 plasma cleaning 
 
 
6.6.4 Observation 4: HF Release Process 
 
  
Figure 6.21 Example of defects after HF wet release process; (a) Bending of anchor and 
coupling spring; (b) Stiction between fixed and moving comb branches  
 
Figure 6.21 illustrates defects which were observed after HF wet etching process.  
Combination of the surface stress after processing the structure and force of the cleansing and 
rinsing liquid caused some of the anchor and coupling spring to permanently deform (Figure 
6.21(a)).  The force and surface tension of the rinsing liquid on the released structure pulled 
the adjacent surfaces to each other and causing stiction (Figure 6.21(b)), which is very 
difficult to separate after the structure is dry.   
Figure 6.22 is an example of the single fixed-fixed beam resonator which was 
successfully released using HF vapour processing at 20 minutes and 32 oC temperatures.  
Once the movement of the structure is fully confirmed, the structure is then prepared for gold 
metallization and wire bonding process.   
(a) 
 
(b) 
 
(a) (b) (c) 
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Figure 6.22  SEM image of mid section of single fixed-fixed beam resonator – after HF 
vapour release 
 
6.6.5 Fabrication Constraints and Discussion  
 
As discussed earlier, the most crucial steps in the CMRA fabrication processes are the wafer 
preparation, lithography pattern transfer, reactive ion etching process (RIE) and HF released 
process.  The processes need to be repeated few times in order to ensure the quality of the 
transferred pattern to the wafer and the structure is successfully released.   
From the observed structure (Section 6.6.1 – 6.6.4), it can be emphasized that the final 
quality of the fabricated structure essentially depends on the coated photo resist and the 
structure pattern which was lithographically transferred to the photo resist mask.  It is vitally 
important to ensure the photo resist is evenly coated on the surface of the SOI wafer and free 
from any foreign material contamination.  Uneven thickness and uneven baking of the photo 
resist layer induce defects such as swelling of the resist, and in some parts of the structure the 
resist is very difficult to develop.  Unclean resist obstructs the structure preventing proper 
etching.  Then defects are carried forward to the final processes, resulting in failure of the 
structure fabrication. 
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It can be argued that the unevenness of the photo resist layer and also variation of the Si 
device layer thickness  supplied by the manufacturer caused some variations in shape and 
geometrical dimensions of the CMRA structure across the wafer [150].  The defects due to the 
wafer dicing processes are also unavoidable. Proper care during wafer handling and dicing 
processes is important to reduce the defects occurrence.    
The main problem with the HF wet etching process is stiction.   The stiction is either 
between the moving structure and the fixed structure or between the structure and the 
substrate (Si handle).  The stiction to the substrate is severe if a thin layer of the BOX is used 
to separate the Si device layer and the handle. The root cause of the stiction is the rinsing 
liquid which needs to be dried, creating a surface tension forces between the adjacent 
machined surfaces and also the substrate. As emphasized by Daniel [131] once the contact has 
been made, the surfaces are held together by hydrogen bridging and van der Waals forces. 
The stuck surfaces are very difficult to separate.  In this research, in order to reduce the 
stiction problem, the HF vapour released was employed to release the CMRA structure.  
Occasionally, the stiction problem still appears on some of the CMRA structure elements. The 
stiction is expected due to the condensed HF vapour left on the structure surface.  By careful 
control the exposure time and temperature, the problem of stiction can be reduced.  
 
 
6.7 Preparation for Electronic Testing 
 
6.7.1 Gold Metallization 
 
In order to prepare the sample for wire bonding, the single fixed-fixed beam resonator was 
metalized with 200nm gold. In order to ensure the adhesion of gold material to the silicon 
surface an adhesion layer of 20 nm titanium was evaporated on the silicon before gold 
metallization.  The titanium was evaporated using an electron beam evaporation at 
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80miliAmp current and 5kV voltages; and the gold was evaporated using a thermal 
evaporation at 0.5Amp current. Both the gold and titanium metallisation were done using an 
Auto 500 Electron Beam - Filament Evaporation System.   Figure 6.23 shows the SEM image 
of the resonator after gold metallization.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6.23  SEM image of single R (CMRA-v1) after gold metallization 
 
 
To prepare for the metallization, the chip contains the structure to be metalized was stuck on a 
plain silicon wafer by using a copper tape. The wafer was placed in the vacuum chamber of 
the machine and the metallization material was placed into a ceramic crucible.  The machine 
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was pumped out overnight so that the pressure falls to at least at 1 x 10-7Mbar.  Then, the 
density and thickness of the required coating was set and the evaporation process started 
(density of gold (Au) = 19.3gcm-3; and titanium (Ti) = 4.5gcm-3). 
 Two main problems experienced with the gold metallization were shorting and poor 
bonding adhesion between the bonding wire and the metalized surface.  It is hard to visually 
observe any short between the bonded wires or the fixed and moving comb fingers.  Often 
after electrical connectivity checking, a short circuit will be detected on a bonded chip. 
Sometimes it is difficult to properly weld the bonding wire onto the metalized gold surface; 
either the bonded wire lifted off or the gold was detached during the bonding process.  To 
solve the problem the aluminium metallization was used instead of gold. 
 
6.7.2 Aluminium Metallization 
 
Since bonding wire is made of aluminium, aluminium metallization was applied to replace the 
gold.  The aluminium/aluminium bonding is extremely reliable compared to aluminium/gold, 
because it is not prone to intermetallic formation and corrosion, which will weaken  
mechanical  bonding [158].  Silicon devices are typically metalized using aluminium metal 
because of its high electrical conductivity and ability to form a protective oxide layer [159]. 
Furthermore, the aluminium is a low-cost source material and forms low-resistance contacts 
to n -type or  p-type silicon [160]. 
 In this research, due to constraints of in-house equipment, the aluminium metallization 
was done externally by the QinetiQ Company.  The aluminium was metalized by thermal 
evaporation to a thickness of 150nm. The structure sample was fired in at 425oC in forming 
gas prior to wire bonding.  Figure 6.24 shows an example of a single comb-drive resonator 
after the aluminium metallization. 
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Figure 6.24  SEM image of a single comb drive resonator (CMRA-v2) after aluminium 
metallization 
 
 
6.7.3 Wire Bonding and Structure Packaging for Electronic Testing 
 
 
 
 
 
 
 
Figure 6.25 (a) Example of a chip stuck on CSB02488 chip carrier; (b) CSB02488  
 
To prepare for wire bonding, the metalized chips were stuck on a 24 pin chip carrier 
CSB02488 [161] (Figure 6.25(a)).  The chip was stuck to the chip carrier using a Staystik 
Tape (571.003).  To simplify the wire bonding connections, all the inputs and ground pads 
were connected to pins 1 to 12 and the output pads were connected to pins 13 to 24.  Figure 
6.25 (b) highlights the pins number configuration for the CSB02488 chip carrier. 
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Figure 6.26  SEM image of the wire bonded connection for the comb-drive resonator 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6.27 (a) Example of bonded scheme of the CMRA; (b) SEM image of wire bonded  
structure (Constant Mass CMRA) 
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The structures were wire bonded by using a Delvotek 6319 Ultrasonic Wire Bonder.  The 
machine uses an aluminium wire with the wire diameter of 25µm and welded at 60kHz.  
Figure 6.26 shows an example of the wire bonded connections for the single comb-drive 
resonator (CMRA-v2). Only a single connection is required for the single drive or single 
readout scheme and 2 wires bonded are required for the differential scheme.  Similar 
connections are applied to the coupled resonators depending on the resonators used to drive 
and readout the CMRA.  Figure 6.27 (a) shows an example of a schematic of wire bonded 
connection of the Constant Mass CMRA, where the first resonator is used to drive the 
structure and the fifth resonator to measure the output signal of the structure. Figure 6.28 
shows example of SEM images of a wire bonded structure of the Staggered Mass CMRA.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6.28  Schematic and SEM image of wire bonded structure: Staggered Mass CMRA 
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6.8 Material Deposition Using FIB 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6.29 SEM images: (a), (b) The position of the platinum mass deposited on the comb 
drive resonator; (c) A mass deposited on R1 of the Constant CMRA; (d) The enlarged view of 
the deposited mass (approximate size of 45µm length x 4µm width x 2µm thickness); (e) 
Deposited platinum which was milled off from the structure  
 
 
In order to observe the effect of a mass loading on the frequency response pattern of the 
structure, a platinum mass was deposited using Dual beam FIB/SEM system (EDAX DB235).  
Specifically, the aims of experiment are:- 
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(c) (d) 
(e) 
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• To examine the effect of mass loading on the single comb drive resonator 
• To examine and compare the uniqueness of the frequency response pattern of the 
CMRA sensor structure, the stability of system eigenvectors; and to observe the effect 
of manufacturing variation on the performance of the CMRA.  
Figure 6.29 (a) and (b) show the position where a platinum mass was deposited on the single 
resonator.  To examine the uniqueness of the frequency response pattern and to validate the 
stability of structure’s system eigenvectors , the platinum was deposited on the first resonator 
(R1) and the fifth resonator (R5) separately.  The first step, the mass was deposited on the R1 
(Figure 6.29(c)).  After measuring the frequency response pattern of the CMRA, then the 
deposited mass at R1 was milled off and another similar amount of mass was deposited at R5. 
Approximately, around 0.2 % mass of the single resonator (7.6 x 10-12kg) was deposited on 
the structures.  The mass was deposited using 550PA ion beam current.  Figure 6.29 (d) and 
(e) show the enlarged image of the deposited mass and the platinum mass which was milled.  
It can be observed that in Figure 6.29 (e) some silicon have been removed instead of milling 
the deposited platinum only.   
 
6.9        Summary and Conclusion 
 
This chapter presents and discusses the main issues related to the CMRA fabrication 
processes and the process to prepare the structure for the frequency response measurement.  
The mask design in Section 6.4 is an important stage to ensure the successful of the CMRA 
structure fabrication.  The CMRA structure fabrications discussed in Section 6.5 used the 
standard bulk micromachining processes. The research presented the processes to fabricate 2 
separate devices thickness layer of SOI (5 and 20µm). The thin 5µm Si device only requires a 
photo resist mask to etch the structure. While as, the thicker 20µm Si device employed double 
mask layers to etch the deeper structure.    
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Due to the nature of the micromachining processes and the constraints of some fabrication 
facilities, the fabrications require many considerations and details observations on the 
processes step for the successful of the structure fabrication (Section 6.6). Detail care and 
attention are very important to ensure the structure is clean from any possibility of defects 
during the structure fabrication processes. The processes require special attentions to ensure 
any possibilities of source of process variations are eliminated. 
As discussed in Section 6.5 and 6.6 the tolerance in manufacturing processes initially 
arises from the lithography processes [162].  The evenness of the resist thickness layer, the 
exposure and development time have significant impacts on the final profile of the transferred 
pattern. Those transferred patterns determined the final geometrical shape and dimensions of 
the fabricated CMRA (length, height, width and structure profile). Even though certain source 
of the variations are unavoidable (i.e. flatness and smoothness of the hot plate), the CMRA 
structures were fabricated to ensure that all the defects are reduced, the structures are able to 
be released, and packaged.   
Overall, to evaluate the CMRA performance, the three CMRA(s) structures (discussed 
in Chapter 5) which include 5 Constant Mass CMRA, 5 Staggered Mass, and 5 Staggered 
Stiffness CMRA; the singleton of the CMRA-v2 and CMRA-v1 (the integrated comb-drive  
resonator and fixed-fixed beam resonator) were fabricated.  To confirm the performance of 
the designed CMRA(s), the frequency response of the fabricated structures are  then measured 
and discussed in Chapter 7.  The effect of the manufacturing variation will be observed by 
comparing the frequency response of  three similar single resonators which were fabricated on 
a single chip and the change of the measured frequency response of the CMRA when 
comparing with the simulated response. 
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CHAPTER 7   -  FREQUENCY RESPONSE MEASUREMENT, 
RESULT AND DISCUSSION 
 
7.1  Introduction 
 
This chapter presents and discusses the electronic testing of the fabricated CMRA structure, 
the measurement results and the CMRA performance as a sensor.  Section 7.2 highlights aims 
of the electronic testing.  Section 7.3 describes the electronic testing setup and measurement 
of the CMRA and its single element.  Testing procedures and testing samples are highlighted 
in Section 7.4.  Section 7.5 presents and discusses the frequency measurement result of the 
single resonator (fixed-fixed beam and comb-drive resonator). Performance of the fabricated 
CMRA(s) which include Constant Mass CMRA, Staggered Mass CMRA and Staggered 
Stiffness CMRA are discussed and compared in Section 7.6.  Section 7.7 discusses the 
stability of the measured frequency response pattern of the CMRA and its single structure 
element. Section 7.8 summarizes and discusses the overall performance of the CMRA sensor 
structure.   
 
7.2  Aim of Electronic Testing  
 
The aims of the electronic testing are:- 
7.2.1 To evaluate the performance of the single resonator of the CMRA structure with 
regard to : 
• The effect of input voltage and vacuum pressure level on the resonator frequency response.  
• The effect of manufacturing process variations on the frequency response of single 
resonators.  
• Mass loading – frequency response effect of the single resonator. 
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7.2.2 To measure and evaluate the performance of the three CMRA(s): (1) Constant Mass 
CMRA, (2) Staggered Mass CMRA, (3) Staggered Stiffness CMRA, in terms of:- 
• Measurability and uniqueness of the frequency response of the CMRA(s) before and after 
the structure is perturbed by deposited mass using focus ion beam technology.   
• Stability of the CMRA structure eigenvectors, and the effects of manufacturing variations 
on performance of the CMRA structures. 
• Reliability of the frequency response pattern as a signature for the CMRA sensor structure. 
           
7.3 Electronic Testing Setup and Measurement Scheme 
7.3.1 Overview of the Electronic Testing Setup 
 
 
 
 
 
 
 
 
Figure 7.1  Electronic testing setup for frequency response measurement of CMRA  
Figure 7.1 shows the electronic testing setup for the frequency response measurement of the 
CMRA and its single resonator. The testing setup consists of: 
• Testing board  
• Vacuum chamber system (Adixen DRYTEL 1025) 
• Digital Pressure Indicator 
• Power supply unit (ISO TECH IPS 1125) 
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• Oscilloscope (100 Ms/sec 20 MHz Oscilloscope (DSO) 400) 
• Frequency generator (50 Ms/sec Waveform Generator WW5061) 
• NI BNC 2110 connector block [126] 
• Personal computer which is equipped with a data acquisition system (DAQ, NI PCI-
6133 [127]) and LabVIEW Signal Express software 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 7.2  (a) Vacuum chamber fixed on the testing board; (b) Power supply connection unit 
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Figure 7.3  Schematic diagram of the frequency response measurement system 
 
 
 
The testing board is used to mount the chip and to process the output signal of the resonator 
sensor structure (note: development of the testing board and overall electronic testing setup 
configuration for the frequency response measurement are input from Ross Turnbull, a PhD 
student from the Oxford University). The sensitivity limit of the current developed frequency 
measurement  system is 0.1Hz.  The vacuum chamber system is used to pump out and control 
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the air pressure level, so that the structure can be tested at a reduced air damping condition.   
As shown in Figure 7.2(a), the chamber was fixed onto the measurement board during the 
testing process.  The digital pressure indicator records the pressure level of the vacuum 
chamber system.  Figure 7.2(b) shows the power supply unit, which was used to supply the 
DC voltage to amplifiers on the testing board (11V and -5V), and the Transimpedance 
amplifier (±8V sense voltage) for the readout connections.  The oscilloscope was used to 
observe the resonant frequency of the measured structure by manually sweeping the 
frequency generator.  The BNC2110 connector block was employed to interface the input line 
(drive pin connection), the output line, and the Data Acquisition System (DAQ) in order to 
automatically display the frequency response measurement curve of the measured structure on 
the computer screen.  Figure 7.3 illustrates a schematic diagram of the CMRA frequency 
response measurement system (e.g. CMRA structure with the drive and readout at R1-R5). 
 
7.3.2 Measurement Scheme  
 
Two measurement schemes were used to measure the CMRA and single resonator:- 
• Single ended drive – Single readout 
• Single ended drive – differential readout 
The schemes were selected based upon the design configuration of the structure to be 
measured.  For example, the fixed-fixed beam resonator employs the single ended drive – 
Single readout measurement scheme; while the integrated comb drive-resonator and the three 
CMRA(s) structures (5 Constant Mass CMRA, 5 Staggered Mass CMRA, and 5 Staggered 
Stiffness CMRA)  employ the single ended drive – differential readout measurement scheme 
[163].  Figure 7.4 shows the schematic of the wire bonded scheme of the fixed-fixed beam 
resonator and the integrated comb drive-resonator structure.  The bond pad connected to the 
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fixed comb structure was used to drive and readout the output signal of the resonator; while 
the moving structure or resonator was connected to the earth.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 7.4 (a) Single ended drive – single readout measurement scheme for the fixed-fixed 
beam resonator; (b)  Single ended drive – differential readout measurement scheme for the 
integrated comb drive resonator  
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Figure 7.5  Testing chip mounted on electronic testing board; and example of wiring 
connections for single ended drive and differential readout scheme (drive pin:  4, ground pin: 
1,  readout pin: 23 and 24, output line: Out3) 
1 2 3 4 5 6 7 8 9 10 
11 12 
Drive and Ground 
Channel 
Connections  
(1 – 12) 
Testing chip 
stuck on 
chip carrier 
and covered 
with  
a Plastic lid 
Pre-amplify stage (V13-V24); 
Readout Connections 
 (13 – 24); 
Final amplify stage (Out1-Out3) 
13 14 15 16 17 18 19 20 21 22 23 24 
V13 V15 
V16 
V17 
V18 
V19 
V20 
V21 
V22 
V23 
V24 
Out 1 
Out 2 
Out 3 
1_V+ 
2_V+ 
3_V+ 
1_V- 
2 V- 
3_V- 
V14 
11 V 5 V 
Guide line to fix the 
vacuum chamber 
To Power 
Supply 
 
-8V  
+8V 
Ground  
To Earth 
(Power Supply) 
 
11V 
-5V  
To Power Supply 
 
Drive connection: to 
 Frequency generator 
 
Input line (Oscilloscope or BNC 2110) 
 
Output line (Oscilloscope or BNC 2110) 
 
24 to 3_ V+ 
 
23 to 3_ V- 
 
LM6084 
AD620 
178 
Figure 7.5 details the testing board, which consists of the drive and ground channel 
connections (channel 1 to 12), clamping socket to mount the testing sample, marking line to 
fix the vacuum chamber, two power supply connections to feed the amplifiers (11V and -5V 
supply voltage), and the readout channel connections (channel 13 to 24).  The output signal 
processing system comprises Transimpedance amplifiers (LM6084) and Instrumentation 
amplifiers (AD620).   
 As presented earlier in Chapter 3 (Section 3.2.1) and Figure 7.3, due to the different 
voltages fed to the fixed driven comb structure and the grounded resonator, an electrostatic 
force was generated to vibrate the resonator. The movement of the resonator produces an 
output signal in the form of current (iout) at the readout channel.  To convert the output current 
(iout ) to  a useful voltage, ±8V 3DC sense voltage (VDCs) was fed to the Transimpedance 
amplifier as illustrated in Figure 7.6.  Then the signal is further amplified by the 
instrumentation amplifiers, AD620.   
 
   
 
 
  
 
Figure 7.6 The schematic of the Transimpedance amplifier used to convert the output signal 
of the measured structure (iout) to a useful readout voltage (example for channel 23) 
 
 
                                                 
 
3
 Note that the 8V detection bias will slightly affect the effective resonator spring constant (KE = dFel/ dy =          
- V2Co/yo).  For example with a static capacitance   of 1.87 x10-13 F (Co) at an initial displacement of 5µm (yo), 
the change of the effective spring constant of a particular resonator is - 0.4787 N/m when the 8V DC voltage is 
applied to the resonator.  The change will likely impact the eigenmodes of the CMRA. To ensure a consistent 
measurement result it is important to maintain the DC bias voltage for all the device measurement. 
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Twelve channels (V13 – V24) configured on the testing board (Figure 7.5) were used to 
supply the VDCs sense voltage to the Transimpedance amplifier for the twelve readout 
channels (4 x three LM6084 on the testing board).  When the differential readout scheme is 
used to measure the output signal of the structure, the output of V+ and V- channels (two 
connections) of the Transimpedance amplifier were fed to the Instrumentation amplifier, 
AD620.  If the single readout connection scheme is used, only the output of V+ was fed to the 
positive channel of the AD620 and  VDCs to the negative channel of the amplifier.  Figure 7.7 
compares the input and output signal of the AD620 amplifier for the single and differential 
readout measurement scheme. Note that G is gain of the instrumentation amplifier (AD620), 
dc/dy is the change of capacitance when the resonator moves and dy/dt is the velocity of the 
resonator. 
  
 
 
 
 
 
 
 
 
 
Figure 7.7 The input voltage and output of the AD620 amplifier: (a) Single readout 
measurement scheme; (b) Differential readout measurement scheme 
 
 
 
7.4 Frequency Response Measurement  
7.4.1 Testing Procedures 
 
1. After wire bonding the structure and chip connectivity was checked in case there were 
short circuits between the 24 pins of the chip carrier.   
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2. If no short circuit was present, the chip carrier was mounted in the clamping socket on the 
testing board.  All the connections on the testing board and overall testing setup were 
checked (refer to Figure 7.5 as examples of connections on the testing board): 
• A driven line (e.g. channel 4) was connected to the frequency generator and an 
oscilloscope (manual frequency sweeping) or BNC 2110 connector block (automatic 
frequency sweeping). All grounds and resonator line (e.g. channel 1) were connected to 
the earth.  
• The readout channels (e.g. V23 and V24) were supplied with ±8V DC sense voltage.  
• The outputs of pre-amplify stages (channel 23 and 24) were further amplified by 
connecting to a  final amplify stage channels (e.g. 3_V+ and 3_V-).  
• The final output line (i.e. Out3) was connected to the oscilloscope (for manual frequency 
sweeping) or to the BNC2110 connector block (for automatic sweeping).  (Note: any 
lines connected to the substrate of the structure were grounded (to reduce an electrical 
effect on the  measured Si device layer).  
3.   The personal computer, frequency generator, digital pressure indicator and vacuum 
chamber motor were switched on.   
4.   When a light indicator of the vacuum system turns to active mode, the vacuum chamber 
was fixed onto the testing board. Then, the vacuum system pump was switched on.  The 
air inside the vacuum chamber was released by turning the pressure regulator until the 
digital pressure indicator shows the pressure level at which the frequency response 
measurement will be done. 
5. Manual frequency sweeping: the power supply unit was switched on. The Vpp voltage 
(VAC) of the frequency generator was set in order to drive the measured structure.  The 
frequency generator was manually swept through the range of natural frequencies of the 
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CMRA structure. The resonant frequency was observed on the oscilloscope when the 
sweeping frequency coincides with the natural frequency of the resonator and the peaks 
of the sinusoidal output wave become double (Figure 7.8).  The range of the frequency 
bandwidth was noted (when the peaks of the sinusoidal output wave become double and 
back to the original condition). 
 
Figure 7.8  Resonant frequency observed on oscilloscope (output wave become double) 
 
6. Automatic frequency sweeping: the input line and output line were connected to the BNC 
2110 connector block.  The sweeping parameters (Vpp driving voltage, range of 
sweeping frequency bandwidth and sweeping step, input and output frequency filters) 
were set on the LabVIEW SignalExpress software window. The frequency response 
measurement was started by clicking the ‘Run Once’ button on the menu bar of the 
LabVIEW window. 
 
7.4.2 Overview of Testing Samples and Testing Conditions 
 
Table 7-1  List of measured chips and details description of the structure on the chip 
Chips Structure Description  
Chip1  A single comb drive resonator of the CMRA-v2 
Chip2  Three similar single fixed-fixed beam resonators (singleR-v1) 
Chip3,Chip4, Chip5  
  
Three similar single comb drive-resonators (singleR-v2)  
Chip6, Chip7  5 Constant Mass CMRA  
Chip8, Chip9  5 Staggered Mass CMRA   
Chip10, Chip11    5 Staggered Stiffness CMRA  
Input 
Output 
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As listed in Table 7-1, eleven chips which were in-house fabricated were measured which 
contained single and coupled resonators.  Table 7-2 summarizes all the conducted tests and 
testing parameters for the eleven chips.   
 
 
Table 7-2 Summary of conducted test for eleven chips 
 
Setting Parameter No Conducted Test Chips 
Vacuum 
Pressure 
Level (Pa) 
Vpp input 
voltage 
(V) 
230, 36, 
1.6, 0.73, 
0.1 
0.4 1 The effect of vacuum pressure level and 
Vpp input voltage on frequency response of 
the single resonator 
Chip1 
0.1 0.1, 0.2, 0.3, 
0.4, 0.5, 1, 2 
2 Mass loading – frequency response effect 
on single resonator  (7.6 x 10-12 kg 
perturbed mass) 
Chip1 0.1 0.4 
Chip2 0.1 5 
Chip3 0.1 0.4 
Chip4 0.1 0.4 
3 The effect of manufacturing variations on  
frequency response of the single resonators 
Chip5 0.1 0.4 
Chip6 0.1 2 
Chip7 0.1 2 
Chip8 0.1 2 
Chip9 0.1 2 
Chip10 0.1 2 
4 Frequency response of three unperturbed 
CMRA(s) structure: 
 
- 5 Constant Mass CMRA (Chip6 and 7) 
- 5 Staggered Mass CMRA (Chip 8 and 9) 
- 5 Staggered Stiffness CMRA (Chip10,11) Chip11 0.1 2 
Chip6 0.1 2 
Chip9 0.1 2 
5 Uniqueness and the effect of manufacturing 
variations on frequency response pattern of 
three perturbed CMRA(s) structure 
(Note: after  mass is perturbed separately 
at resonator 1 (R1) and resonator 5 (R5)) 
 
Chip11 0.1 2 
Chip4 0.1 0.4 6 Reliability of frequency response pattern of 
single resonator and CMRA:  Comparison 
between first and second measurement; 
second measurement was done after 49 
days for single resonators (Chip4) and after 
45 days for CMRA structure (Chip8) 
Chip8 0.1 2 
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Six main tests were conducted in order to evaluate the performance of the CMRA and its 
singleton. Test no. 1, 2 and 3 were conducted to evaluate the performance of single 
resonators.  Test no. 4, and 5 were carried out to evaluate the performance of the three 
CMRA(s) structures.  Test no. 6 observed the reliability and stability of the frequency 
response pattern of single resonator and CMRA structure. 
When measuring the CMRA structure, several options exist for the drive and readout 
point depending on the bonded structure. As discussed in Chapter 5, the selection of the drive 
or readout points will not affect the modal eigenfrequencies of the structure, only the response 
amplitude of the resonant frequencies will be different.  However, the presence of the process 
variation may slightly modify the effective mass and stiffness of the coupled resonators or 
coupling springs.  Driving or readout of CMRA at different points will produce a different 
amplitude response.  In an extreme case, the response amplitude of the resonant peak may be 
very tiny and hard to be observed. To measure the expected 5 resonant peaks of the CMRA 
structures, measurements were taken by fixing the drive point to R1, R3 or R5 and the readout 
point either at R1 or R5 based on the bonded structure. Unless the resonant peaks were 
difficult to measure, the drive and readout point for particular CMRA was not changed to 
simplify the structure measurement. 
 
 
7.5 Result and Discussion 1: Performance of a Single Resonator 
7.5.1 Effect of Vacuum Pressure Level 
 
Figure 7.9 presents the frequency response of the single comb-drive resonator at different air 
pressure levels. Table 7-3 summarizes the measurement result. Measuring the structure at 
different pressure levels slightly shifted the resonant frequency of the resonator. For example, 
comparing the measurement at 230 and 0.73 Pa, the shift of frequency is at a maximum of -
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4.4 Hz (-0.03%).  The shift of the frequency is considered small.  However, measuring the 
structure at a high pressure level drastically decreased the response amplitude and increased 
the bandwidth of the measured frequency; hence reducing the Q factor of the resonator. 
Comparing the response amplitude at the two measured conditions (230 and 0.73 Pa), the 
reduction in amplitude is 95.6%.  The decrease of the response amplitude will reduce the 
measurability of the frequency response of the measured structure.  To ensure measurability 
of the frequency response pattern of the single or coupled resonators, all measurements were 
made at 0.1 Pa. 
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Figure 7.9  The effect of different vacuum pressure levels on frequency response pattern of 
single resonator  
 
 
Table 7-3 Summary of the measurement results in Figure 7.9 
 
Vacuum Pressure Level 
[Pa] 
Resonant Frequency 
[Hz] 
Response Amplitude 
[V] 
230 12796.4 5.95 x 10-4 
36 12794.0 3.31 x 10-3 
1.6 12792.0 1.24 x 10-2 
0.73 12792.0 1.35 x 10-2 
0.1 12793.6 1.36 x 10-2 
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7.5.2    Effect of Vpp Driving Voltage 
 
 
Single Resonator (Chip1): 0.1 [Pa] Vacuum Pressure & 
Varied Input Vpp [V]
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Figure 7.10 The effect of different Vpp input voltage on frequency response pattern of single 
resonator  
 
 
Table 7-4  Summary of the measurement results in Figure 7.10 
 
Input voltage 
[V] 
Resonant Frequency 
[Hz] 
Response Amplitude 
[V] 
0.1 12821.6 7.24 x 10-4 
0.2 12822.0 2.91 x 10-3 
0.3 12822.0 6.54 x 10-3 
0.4 12822.0 1.17 x 10-2 
0.5 12821.6 1.84 x 10-2 
1 12818.4 4.63 x 10-2 
2 12806.8 8.53 x 10-2 
 
 
 
Figure 7.10 displays the frequency response of the comb-drive resonator when measured at 
different drive voltages (Vpp).  Table 7-4 lists the measured data.  At high input voltage (e.g. 
2V) the response amplitude of the A-F curve is considerable and the curve is nonlinear. 
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Reducing the input voltage (e.g. 0.4V) reduced the response amplitude to 1.17 x 10-2V, which 
is 7 times lower than the amplitude at 2V. Then the measured frequency response curve is 
linear. 
The cause of the nonlinearity is the electrical spring softening due to the nonlinear 
change of capacitance at high input voltage.  Equation 3-9 (Section 3.5.2) for the electrostatic 
force generated in the resonator (Fel = ½ . δc/δy.V2), Equation 3-10 and 3-11 further can 
explain the nonlinear pattern of the measured curve.  At high input voltage, the electrostatic 
force (Fel) increases and so displaces the resonator. The increase of the resonator 
displacement, increases the overlapping distance between the moving and fixed fingers, which 
raises rate of the generated capacitance in the structure to nonlinear range (Figure 5.10, 
Section 5.3.4 (generated capacitance for the comb-drive resonator)).  With a nonlinear 
response, the resonant frequency is hard to detect due to the skew of the response curve. 
Compared to measurements at 0.4V Vpp, at 2V Vpp the shift of the frequency peak is -15.2 
Hz (-0.12%); note that the minus sign indicates the frequency is decreased.  To ensure a 
consistent and linear frequency response pattern all the measurement of the single comb drive 
resonators and the coupled resonators were done at 0.4V Vpp and 2V Vpp respectively.  Note 
that a phase measurement may be used as an alternative to monitor the nonlinear frequency 
response curve. 
7.5.3 Effect of Manufacturing Process Variation on a Single Resonator  
Figure 7.11 shows the frequency response measurement results of three similar single 
resonators from Chip2, Chip3, Chip4 and Chip5.   Table 7-5 summarizes the measurement 
and data analysis of the result.  As can be observed, the measured three resonators on each 
chip display different frequency responses. The process variation has significantly modified 
the geometrical dimension of the fabricated resonators and altered the response amplitude and 
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resonant frequency of each resonator.  If we consider the shift of the resonant frequency of the 
comb-drive resonator (Chip3, Chip4 and Chip5), all the measured frequency were larger than 
the designed structure (12857.3Hz).  The resonator R-1 from Chip3 showed the highest 
frequency shift (14076.4 Hz, 9.48%). 
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Figure 7.11  Measurement result: (a) three similar fixed-fixed beam resonator fabricated on 
Chip2; (b), (c) and (d) three similar integrated comb drive-resonator fabricated on Chip3, 
Chip4 and Chip5  
(b) 
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Table 7-5  Summary and analysis of results in Figure 7.11  
  
Peak of Resonant Frequency [Hz] 
( Response Amplitude [V]) 
* Percent of frequency shift compared to design value: 
(Chip2): 22127.1 [Hz]; (Chip3, 4, 5): 12857.3 [Hz] 
** Frequency shift difference (%): resonator frequency shift (%) -  
minimum frequency shift (%) on respective chip 
 
Chip (R-1) (R-2) (R-3) 
Chip2 
 
21900.0Hz 
(2.25 x 10-2V) 
* -1.03% 
- 
21496.0Hz 
(2.74 x 10-2V) 
* -2.85% 
** 1.62% 
21364.0Hz 
(1.51 x 10-2V) 
* -3.45% 
** 2.42% 
Chip3 
 
14076.4Hz 
(1.66 x 10-2V) 
* 9.48% 
** 1.3% 
14056.5Hz 
(1.81 x 10-2V) 
* 9.33% 
** 1.15% 
13908.8Hz 
(1.27 x 10-2V) 
* 8.18% 
- 
Chip4 
 
13769.2Hz 
(9.52 x 10-3V) 
* 7.09% 
** 3.91% 
13660.4Hz 
(1.09 x 10-2V) 
* 6.25% 
** 3.07% 
13265.6Hz 
(1.82 x 10-2V) 
* 3.18% 
- 
Chip5 
 
13898.4Hz 
(1.37 x 10-2V) 
* 8.10% 
** 0.35% 
13899.6Hz 
(1.48 x 10-2V) 
* 8.11% 
** 0.36% 
13854.0Hz 
(1.45 x 10-2V) 
* 7.75% 
- 
The increase of the measured frequency of the comb drive resonator can be explained by 
comparing to the measured geometrical dimension of the comb drive resonator (INTEGRAM 
chip) and the estimation of impact of process variation on a single comb-drive resonator 
(Appendix G).  For particular INTEGRAM resonators, the process variation has increased the 
width of the anchor spring and width of the comb finger at about 43.3% and 41.1% 
respectively (Section 5.6.1, Table 5-10).  By considering a 10% similar increase of width of 
the comb finger (bf) and the anchor spring width (bASP), the stiffness of the comb-drive 
resonator increases about 33.1% compared to 3.2% increase in resonator mass (Appendix G, 
Table G-1).  The considerable increase in stiffness compared to the mass, will increase the 
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measured frequency of the comb-drive resonator if we consider the fabricated structure is 
oversized.  From the sample measurements and data analysis of the manufacturing tolerances 
of the in-house fabricated chip (refer to Appendix H (Table H-1, Chip3)), it has been 
confirmed that the structures on Chip3 were oversized; the increase of the width of the anchor 
springs (bASP) and fingers (bf) were 13.64% and 12.39% respectively.  If the maximum 
variation on each chip is calculated based on differences between the maximum and minimum 
frequency shift of the resonator; the highest variation for each chip was 2.42% (Chip2), 1.3% 
(Chip3), 3.91% (Chip4) and 0.36% (Chip5).   
Due to the different resonant frequency and response amplitude, each resonator has 
different quality factor.  The highest quality factor for the fixed-fixed beam resonator and 
integrated comb-drive resonator was 1818 and 11358 respectively.  The lower Q factor of the 
fixed-fixed beam is expected due to the mass and the structure design of the resonator (Q = 
mωn/c, Equation 3-8 (Chapter 3)). The mass (m) and frequency of the fixed-fixed beam (ωn) 
which was 8 times smaller than the comb drive resonator (designed value) lowered its Q 
factor around 6 times.  Furthermore, the lower Q of the fixed-fixed beam resonator is 
expected due to the loss of resonator energy due to strain at the connection between beam and 
anchor pad (clamping force) to support the  resonator [76, 164].  
 
 
7.5.4 Mass Loading Frequency Response Effect of a Single Resonator  
 
Figure 7.12 shows the frequency response of the single comb drive resonator before and after 
7.6 x 10-12kg platinum was deposited on the structure.  The added mass reduced the resonant 
frequency and the response amplitude of the resonator by 0.031% and 55.5% respectively. 
The perturbation mass significantly increases the effective mass of the resonator (m) 
compared to resonator stiffness (k). Hence, reducing the frequency of the resonator, ω (ω = 
190 
(k/m)1/2) and the resonant amplitude, x (x = F/(k-mω2). The change of the measured response 
was compared to the lumped mass analysis of the designed comb-drive resonator (Figure 
7.13).  At no damping condition, adding 7.6 x 10-12kg mass decreased 0.09% the resonant 
frequency and 60.22% response amplitude.   Considering some effect of process variations, 
the change of the measured frequency response of the perturbed resonator is comparable to 
the simulated response.  The reduction of the Q factor is expected due to the effect of 
aluminium metallization coated on the surface of the resonators which increases the viscous 
damping in vacuum [165].  
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Figure 7.12 Measurement result: mass loading frequency response effect of single comb-drive 
resonator  
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Figure 7.13 Frequency response of unperturbed and perturbed comb-drive resonator (Lumped 
mass analysis)  
 
7.6 Result and Discussion 2: Performance of CMRA 
 
The performance of the three CMRA(s) was evaluated by comparing the frequency response 
of the designed and the fabricated structure.  The uniqueness of frequency response pattern of 
the CMRA(s) sensor structure was examined by comparing the response of unperturbed and 
perturbed structure (after platinum mass was deposited at R1 and R5 separately).  The effect 
of manufacturing variation was determined by observing discrepancies between the measured 
and simulated frequency response.  The inverse eigenvalue analysis  was used to estimate the 
mass change pattern of the perturbed staggered CMRA(s) and to confirm the stability of the 
eigenvectors of the three CMRA(s). 
 
7.6.1 Constant Mass CMRA 
7.6.1.1 Frequency Response of the Unperturbed Structure and the Effect of Process Variation 
 
Figure 7.14 and 7.15 present and compare the simulated frequency response and the measured 
response of the Constant Mass CMRA fabricated on Chip6 and Chip7 respectively.  Table 7-6 
summarizes the measured and analyzed data for the structures.  For both chips (except for the 
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mode 5, Chip6), the five measured modal eigenfrequencies were lower than the designed 
frequencies which were simulated using FEA.  The frequency bandwidth between the first 
and fifth resonant peak for the structures was 650.8Hz (Chip6) and 508.8Hz (Chip7) 
compared to 467.3Hz for the simulated response.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 7.14 Comparison: frequency response of fabricated Constant Mass CMRA (Chip6) and 
simulated response; (a) Simulated response using FEA; (b) Simulated response at varied 
resonators stiffness and mass using LMA  
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Figure 7.15 Comparison: frequency response of fabricated Constant Mass CMRA (Chip7) and 
simulated response; (a) Simulated response using FEA (b) Simulated response at varied 
resonators mass and coupling stiffness using LMA 
 
Considering the 5 Constant Mass CMRA which is driven at R3 and readout at R5 (Chip6); 
only 3 resonant frequency peaks (mode 1, 3 and 5) are expected to be observed due to the 
constant and symmetrical designed mass of the resonators (see Section 5.3.2).  However, the 
measurement results of the structure on Chip6 (Figure 7.14 (a)) showed 5 resonant peaks 
when the structure was driven at R3 and readout at R5.  The process variation has modified 
the mass and stiffness of the coupled structures.  Hence, the structure is no longer symmetric.   
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The effect of process variations can be explained by referring to the SEM measurement of the 
geometrical dimension of the comb drive resonator from the INTEGRAM chip (as discussed 
in Chapter 5 and Section 7.5.3);  the decrease in the measured frequencies (Chip6 and Chip7, 
Table 7-6) may be expected due to the effect of structure undersized (i.e. some resonators) 
which decreases the mass and stiffness of the coupled resonators.  Considering at 2.5% 
decrease in the width of the resonator anchor spring (bASP) and width of the comb fingers (bf), 
the approximate decrease of the comb-drive resonator mass and stiffness is 0.8% and 7.31% 
respectively (Appendix G, Table G-1).   The change of the mass and stiffness decreases the 
resonator frequency around 3.34%. 
 
Table 7-6 Summary and data analysis of unperturbed Constant Mass CMRA (Figure 7.14 and 
7.15) 
mMeasured Frequencies [Hz] ; (Response Amplitude, rms Vout [V]) 
d Designed  frequencies  (FEA) 
* Percent (%) of modal frequency shift compared to FEA value 
**( ) Normalized % of modal frequency shift (over the maximum value) 
vVariation (LMA) 
Chips/ 
Analysis 
Mode1 Mode2 Mode3 Mode4 Mode5 
m12326.4 
(5.62 x 10-4) 
m12478.4 
(2.83 x 10-3) 
m12621.2 
(3.92 x 10-3) 
m12796 
(1.93 x 10-3) 
m12977.2 
(3.43 x 10-3) 
d12526.8 - d12776.8 - d12994.1 
*-1.6% 
** (-1) 
 *-1.22% 
** (-0.76) 
 *-0.13%; 
** (-0.08) 
Chip 6 
Drive-R3/ 
Read-R5 
v12349 v12460 v12622 v12814 v12967 
m12337.6 
(2.18 x 10-3) 
m12450.4 
(3.65 x 10-2) 
m12624.4 
(3.05 x 10-2) 
m12751.2 
(7.35 x 10-3) 
m12846.4 
(9.73 x 10-3) 
d12526.8 d12635.7 d12776.8 d12907.1 d12994.1 
*-1.51% 
** (-1) 
*-1.47% 
** (-0.97) 
*-1.19% 
** (-0.79) 
*-1.21% 
** (-0.8) 
*-1.14% 
** (-0.76) 
Chip7 
Drive-R5 
Read-R5 
v12284 v12432 v12625 v12737 v12842 
 
 
The same effect of the process variation was considered on the fabricated Constant Mass 
CMRA (Chip6) and the lumped mass analysis (LMA) were performed to quantify the effect 
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of the manufacturing variation.  As shown in Figure 7.14(b), the analysis produced 5 resonant 
peaks, when the mass of the 5 constant coupled resonators (R1, R2, R3, R4 and R5) was 
varied by -0.71%, -0.9%, -0.48%, -1.22% and 0.03% respectively.  An average error between 
the 5 estimated modal eigenfrequencies and the measured frequencies was 0.11% (Table 7-6).   
Figure 7.15(b) shows the LMA result of the simulated response for the 5 Constant Mass 
CMRA on Chip7 when the mass of the resonators were varied by -1.06% (R1), -1.22% (R2), 
and -0.48% (R3, R4, and R5) and stiffness of the 4 constant coupling springs were changed 
from 0.2495N/m to 0.22, 0.24,0.20 and 0.23N/m.    As can be observed the third and the last 
modal frequencies are closely fit to the measured response compared to the modal frequencies 
1, 2 and 4.  The average errors between the 5 estimated and measured modal eigenfrequencies 
was 0.15% (Table 7-6).   
 From the measured and simulated modal eigenfrequencies of the CMRA on Chip6 and 
7, we can emphasize that the process variation has significantly changed the mass of the 
coupled resonators.   If the structure is to be used as a sensor, it is important to exactly 
quantify the change of the resonator mass of the fabricated structure;  so that any absorbed 
mass onto each resonator can be determined accurately.  Optimization techniques such as 
Genetic Algorithm may be employed to further analyse and incorporate multi-parameters 
change of mass, stiffness and frequency response of the couple resonators [166-168] due to 
the effect of manufacturing variations.  
 
7.6.1.2 Uniqueness of the Frequency Response - Constant Mass CMRA  
Figure 7.16 compares the frequency response pattern of the Constant Mass CMRA structure 
when a mass was perturbed at R1 and R5 separately.  For both perturbed conditions, a unique 
frequency response pattern were observed.  Table 7-7 summarizes the measured data. 
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Figure 7.16 Comparison: frequency response pattern of unperturbed and perturbed Constant 
Mass CMRA  
 
 
 
Table 7-7  Summary of measurement data (Figure 7.16) and data analysis 
 
Modal Frequencies, fM [Hz] 
(Response Amplitude, rms Vout [V]) 
Note:- Frequency and amplitude difference = 
perturbed value – initial value 
Measurement 
/ Analysis 
Chip6 
Mode1 Mode2 Mode3 Mode4 Mode5 
Initial 
 
12326.4 
(5.62 x 10-4) 
12478.4 
(2.83 x 10-3) 
12621.2 
(3.92 x 10-3) 
12796 
(1.93 x 10-3) 
12977.2 
(3.43 x 10-3) 
+m at R1 12264.4 
(4.25 x 10-4) 
12462.8 
(1.95 x 10-3) 
12599.6 
(3.84 x 10-3) 
12784.4 
(2.18 x 10-3) 
12971.6 
(3.11 x 10-3) 
Frequency  
difference 
-62  
-0.50% 
-15.6 
-0.13% 
-21.6 
-0.17% 
-11.6 
-0.09% 
-5.6 
-0.04% 
Amplitude 
difference  
-1.37 x 10-4, 
-24.38% 
-8.8 x 10-4, 
-31.1% 
-8.0 x 10-5, 
-2.04% 
2.5 x 10-4, 
12.4% 
-3.2 x 10-4, 
-0.09% 
 
     
 
+m at R5 
12225.6 
(3.05 x 10-3) 
- 12577.2 
(6.5 x 10-3) 
- 12925.6 
(4.04 x 10-3) 
Frequency  
difference 
-100.8 
-0.82% 
- -44.0 
-0.35% 
- -51.6 
-0.4% 
Amplitude 
difference  
2.5 x 10-3 
444.8% 
- 2.6 x 10-3 
66.33% 
- 6.1 x 10-4 
17.78% 
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Table 7-8 Eigenvalue analysis result of Constant Mass CMRA (ideal condition) using lumped 
mass analysis (7.6 x 10-12 kg mass was perturbed at R1 and R5 separately) 
 
Analysis f(mode1) f(mode2) f(mode3) f(mode4) f(mode5) 
Initial [Hz] 12857 12888 12968 13066 13144 
+m at R1 [Hz] 12853 12882 12964 13064 13144 
+m at R5 [Hz] 12853 12882 12964 13064 13144 
 
The perturbation mass at R1 reduced the 5 unperturbed modal frequencies. The highest and 
lowest frequency shift occurred at mode1 and mode 5 (Table 7-7).  After the deposited mass 
at R1 was milled off and 7.6 x 10-12kg platinum mass was deposited at R5, the measurement 
result shows only 3 resonant peaks (mode1, 3 and 5).  It can be claimed that, the variation in 
the milling process (i.e. a slight over milled the silicon material (see Section 6.8)), and the 
perturbation mass at R5 have balanced the masses discrepancy between R1 and R5;  hence 3 
resonant peaks were produced when driving and measuring the structure at R3 and R5. 
The frequency response pattern of the measured structure may be further explained by 
referring to the eigenvalue analysis result of the designed structure (Table 7-8 and  Section 
5.4.2, Chapter 5).  Due to the symmetrical designed mass of the resonators, similar resonant 
frequencies shift were produced when adding mass at R1 or R5.  In contrast, the fabricated 
structure (Chip6) showed unique frequency response patterns when platinum mass was 
perturbed separately at R1 and R5. Hence, the process variation has evidently staggered some 
mass and stiffness of the designed constant mass coupled resonators as discussed in Section 
7.6.1.1.   The variation of the perturbation mass deposited at R1 and R5 also affected the 
frequency response pattern of the measured structure. As a result the Constant Mass CMRA 
(Chip6) produced a unique frequency response pattern for a single perturbed resonator sensor 
(i.e. for R1and R5). 
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7.6.1.3 Stability of the Structure Eigenvectors 
 
To confirm the stability of system eigenvectors between the designed and the fabricated 
structure, the inverse eigenvalue analysis was considered (refer to Section 5.5).  The designed 
eigenvectors and the measured eigenvalues were used to determine the mass change pattern of 
the unperturbed and perturbed structure.  Figure 7.17(a) shows the inverse eigenvalue analysis 
result of the structure on Chip6 before and after a mass was perturbed at R1. As expected, the 
perturbed eigenvectors of the Constant Mass CMRA are always unstable compared to the 
unperturbed designed structure.  Using the designed eigenvectors to estimate the mass change 
pattern of the resonators always cause errors; i.e. the estimated mass for R1 always mirrors 
the estimated mass at R5 when mass only perturbed at R1 (Figure 7.17(b))  .  It is interesting 
to further research a new set of the unperturbed eigenvectors of the fabricated structure. We 
then can confirm how the process variation may naturally stabilize the structure eigenvectors; 
and estimate the mass change pattern of the perturbed structure using inverse eigenvalue 
analysis. 
 
 
 
 
 
 
 
 
 
 
 
Figure 7.17 (a) Estimation of mass of unperturbed and perturbed Constant Mass CMRA 
(Chip6) using Inverse Eigenvalue Analysis; (b) Mass change pattern of structure (perturbed 
mass at R1) 
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7.6.2 Staggered Mass CMRA 
7.6.2.1 Frequency Response of the Unperturbed Structure and the Effect of Process Variation 
 
Figure 7.18 presents and compares the measured frequency response of the 5 Staggered Mass 
CMRA from Chip8 and Chip9 and the simulated response from FEA.  The frequency 
bandwidth between the first and fifth peaks for both structures are 502.2Hz (Chip8) and 
647.2Hz (Chip9); while the simulated modal frequencies bandwidth is 508.4Hz.  Table 7-9 
details the measured and simulated responses. 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 7.18 Comparison: frequency response of fabricated Staggered Mass CMRA and 
Simulated response (FEA); (a) Chip8; (b) Chip9 
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Considering the structure on Chip8 (Figure 7.18(a)), the measured 5 modal frequencies are 
higher compared to the simulated eigenfrequencies (Table 7-9).  We may expect that the 
structure is slightly oversized; the increase in stiffness of the resonators is higher than the 
increase in mass of the structure, when the process variation altered the geometrical 
dimension of the structure.  Therefore, the measured eigenfrequencies are higher than the 
simulated response. From the sample measurements and data analysis of the manufacturing 
tolerances on Chip8 have confirmed that the structures were oversized (refer to Appendix H 
(Table H-2)); the increase of the width of the anchor springs (bASP) and fingers (bf) were 
6.51% and 5.78% respectively.  The variation has affected the Staggered Mass CMRA on 
Chip9 differently.  The first four measured modal frequencies are lower compared to the 
simulated response, but the last modal frequency is higher compared to the simulated 
eigenfrequency.  Hence, we may expect that some of the coupled structures are slightly 
undersized, which reduces the measured modal frequencies; and some resonators are 
oversized.  
Table 7-9 Summary of the measurement results of unperturbed Staggered Mass CMRA  
 
mMeasured Frequencies [Hz] ; (Response Amplitude, rms Vout [V]) 
d Designed  frequencies  (FEA) 
* Percent (%) of modal frequency shift compared to FEA value 
**( ) Normalized % of modal frequency shift (over the maximum value) 
Chips 
Mode1 Mode2 Mode3 Mode4 Mode5 
m12627.2 
(3.9 x 10-3) 
m12702.8 
(3.81 x 10-3) 
m12852.8 
(2.13 x 10-2) 
m13038.8 
(3.51 x 10-2) 
m13129.4 
(5.06 x 10-3) 
d
 12322.9 d 12485.1 d 12621.0 d 12789.0 d 12831.3 
Chip8 
Drive-R1/ 
Readout-R1 
* 2.47% 
**(1) 
* 1.74% 
**(0.70) 
*1.84% 
**(0.74) 
* 1.95% 
**(0.79) 
* 2.32% 
**(0.94) 
m12256.8 
(5.57 x 10-4) 
m12451.2 
(5.11 x 10-3) 
m12583.6 
(8.23 x 10-3) 
m12702.0 
(5.88 x 10-3) 
m12904.0 
(9.81 x 10-4) 
d
 12322.9 d 12485.1 d 12621.0 d 12789.0 d 12831.3 
Chip9 
Drive-R1/ 
Readout-R5 
* -0.54% 
**(-0.79) 
* -0.27% 
**(-0.40) 
* -0.3% 
**(-0.44) 
* -0.68% 
**(-1) 
* 0.57% 
**(0.84) 
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Figure 7.19 Comparison: designed mass and estimated mass of Staggered Mass resonators 
(using inverse eigenvalue analysis); (a) Chip8; (b) Chip9; (c) Designed mass and estimated 
mass from the FEA simulated response  
 
Table 7-10  Staggered Mass CMRA: comparison- designed mass and estimated mass of the 
fabricated structure using inverse eigenvalue analysis 
 
Resonator(R) R1 R2 R3 R4 R5 
Designed Mass nanokg] 3.0941 3.1932 3.2241 3.1616 3.1263 
Chip8: Estimated Mass 
[nanokg] 
3.049 
(-1.46%) 
3.175 
(-0.57%) 
3.211 
(-0.41%) 
3.127 
(-1.09%) 
3.106 
(-0.65%) 
Chip9:Estimated Mass: 
[nanokg] 
3.189 
(3.07%) 
3.324 
(4.10%) 
3.379 
(4.80%) 
3.269 
(3.40%) 
3.242 
(3.70%) 
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of the fabricated coupled resonators.  Figure 7.19 displays the analysis result and Table 7-10 
summarizes the data.  By assuming a small change in the stiffness of the resonator, the 
estimated mass for the 5 resonators on Chip8 are lower than the designed mass (Figure 
7.19(a)). The maximum mass change is -1.46% for R1.  While the estimated masses for the 
structure on Chip9 are higher than the designed mass, with the maximum mass change is 
4.80% for R3 (Figure 7.19(b)).  Figure 7.19(c) shows the comparison between the designed 
mass of the coupled resonators and the estimated mass (using IEA) of the FEA simulated 
response (see Figure 7.18(a)).  Considering the differences of the resonator mass in Figure 
7.19(c); and  comparing between the modal frequency bandwidth for the structure on Chip8 
(502.2Hz), Chip9 (647.2Hz) and the simulated response (508.4Hz), the estimated masses for 
both fabricated structure is considered sensible at no or small change in the resonator 
stiffness.   
 alculating the differences between the maximum and minimum change of mass; the 
maximum mass variation estimated for both structure are 1.05% (Chip8) and 1.73% (Chip9).  
As exemplified by the Chip8 and Chip9, the manufacturing variation may affect the fabricated 
CMRA differently.  Therefore, a calibration is important for each fabricated CMRA to exactly 
quantify the change of the mass, before the structure can be used as a sensor.  
 
 
7.6.2.2 Uniqueness of the Frequency Response - Staggered Mass CMRA 
 
Figure 7.20 shows comparison of the frequency response pattern of the unperturbed Staggered 
Mass CMRA and after mass was perturbed at R1 and R5 separately.  As can be observed, 
each single perturbed resonator (R1 and R5) produced a unique frequency response pattern to 
present a signature for that particular resonator sensor.   
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Figure 7.20 Comparison: frequency response pattern of unperturbed and perturbed Staggered 
Mass CMRA  
 
 
Table 7-11 Summary of measurement result (Figure 7.20) and data analysis 
 
Modal Frequencies, fM [Hz] 
(Response Amplitude, rms Vout [V]) 
Note:- Frequency and amplitude difference =  
perturbed value –initial value 
Measurement 
/ Analysis 
Chip9 
Mode1 Mode2 Mode3 Mode4 Mode5 
Initial 
measurement 
12256.8 
(5.57 x 10-4) 
12451.2 
(5.11 x 10-3) 
12583.6 
(8.23 x 10-3) 
12702.0 
(5.88 x 10-3) 
12904.0 
(9.81 x 10-4) 
+m at R1 
- 
12422.8 
(1.67 x 10-3) 
12541.6 
(4.75 x 10-3) 
12662.8 
(5.1 x 10-3) 
12922.8 
(1.43 x 10-3) 
Frequency 
difference 
- 
-28.4 
-0.23% 
-42 
-0.33% 
-39.2 
-0.31% 
18.8 
0.15% 
Amplitude 
difference 
- 
-3.44 x 10-3 
-67.3% 
-3.48 x 10-3 
-42.3% 
-7.8 x 10-4 
-13.3% 
4.49 x 10-4 
45.77% 
 
    
+m at R5 12316.4 (6.76 x 10-4) 
12522.4 
(5.49 x 10-3) 
12596.0 
(6.6 x 10-3) 
12896.0 
(2.14 x 10-3) 
13048.4 
(8.3 x 10-4) 
Frequency 
difference 
59.6 
0.49% 
71.2 
0.57% 
12.4 
0.1% 
194 
1.53% 
144.4 
1.1% 
Amplitude 
difference 
1.19 x 10-4 
21.4% 
3.8 x 10-4 
7.4% 
-1.63 x 10-3 
-19.8% 
-3.74 x 10-3 
-63.6% 
-1.51 x 10-4 
-15.4% 
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When an approximate 7.6 x 10-12kg mass was added at R1, the measured structure shows only 
4 resonant peaks.  The missing peak is associated to the response of mode 1.  Considering the 
mode 4 with the least reduction in the response amplitude (7.8 x 10-4V, Table 7-11); the mass is 
considerably large to reduce the response amplitude of the first resonant peak (i.e. mode 1) 
which is initially 5.57 x 10-4V. 
When the deposited mass at R1 was milled off and a mass was deposited at R5, five 
resonant peaks are observed.  It can be argued that the removal mass at R1 significantly 
reduces the mass of the structure; hence increases response amplitude of mode 1 and the 5 
measured modal frequencies after mass was added at R5 (the resonant frequency, ω = (k/m)1/2 
and the response amplitude, x = F/(k-mω2)) .  As discussed in Chapter 6, some silicon (R1) 
also has been milled instead of removing only platinum. Furthermore, considering the lumped 
analysis result of the designed structure (Table 7-12); due to the staggered mass design the 
analysis produced unique modal frequencies when mass was perturbed at R1 and R5.   
 
Table 7-12 Eigenvalue analysis result of Staggered Mass CMRA (ideal condition) using 
lumped mass analysis (7.6 x 10-12 kg mass was perturbed at R1 and R5 separately) 
 
Analysis 
Mode1 Mode2 Mode3 Mode4 Mode5 
Initial [Hz] 12651 12750 12809 12917 12945 
+m at R1[Hz] 12650 12748 12806 12911 12942 
+m at R5 [Hz] 12650 12744 12804 12915 12943 
 
Overall, the staggered mass design of the coupled resonators and the altered mass due to the 
effect of process variations have helped to stagger the structure to produce unique frequency 
response pattern for single resonator sensors. 
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7.6.2.3 Stability of the Structure Eigenvectors 
 
Figure 7.21 (a) compares the inverse eigenvalue analysis result of the unperturbed structure 
and after mass was perturbed at R5. Note that the mass change pattern of the perturbed R1 can 
not be estimated using the inverse eigenvalue analysis since only 4 modal eigenfrequencies 
are available  (Table 7-11).  The 7.6 x10-12kg mass used to validate the mass change pattern of 
the perturbed R5 in Figure 7.21(b) confirmed that the unperturbed eigenvectors are unstable 
to accurately determine the mass change pattern of the resonator.  The mass variation effect 
(i.e. maximum of 1.73% for Chip9) and the 7.6 x10-12kg deposited mass have affected the 
stability  of the structure eigenvectors; the designed eigenvectors were no more comparable to 
estimate the mass change pattern of the fabricated structure when mass was deposited at R5. 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 7.21 (a) Estimation of mass of Staggered Mass CMRA (Chip9) using Inverse 
Eigenvalue Analysis; (b) Mass change pattern of the perturbed structure  
 
 
7.6.3 Staggered Stiffness CMRA 
7.6.3.1 Frequency Response of the Unperturbed Structure and the Effect of Process Variation 
 
Figure 7.22 presents the measurement result of the unperturbed Staggered Stiffness CMRA 
which was fabricated on Chip10 and Chip11. The modal frequency bandwidth between the 
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first and fifth resonant peak of the structure is 679.2Hz (Chip10) and 644Hz (Chip11); while 
the simulated frequency bandwidth is 502.6Hz.  Table 7-13 summarizes the measured data.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 7.22 Comparison: frequency response of fabricated Staggered Stiffness CMRA and 
Simulated response (FEA); (a) Chip10; (b) Chip11 
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Table 7-13 Summary of the measurement results of unperturbed Staggered Stiffness CMRA 
(Figure 7.22) 
mMeasured Frequencies [Hz] ; (Response Amplitude, rms Vout [V]) 
d Designed  frequencies  (FEA) 
*Percent (%) of modal frequency shift compared to FEA value 
**( ) Normalized % of modal frequency shift (over the maximum value) 
Chips 
Mode1 Mode2 Mode3 Mode4 Mode5 
m14919.6 
(1.65 x 10-3) 
m15104.0 
(1.21 x 10-2) 
m15254.4 
(1.34 x 10-2) 
m15434.4 
(4.76 x 10-3) 
m15598.8 
(5.86 x 10-3) 
d 12557.9 d 12709.4 d12858.7 d13015.9 d13060.5 
Chip10 
Drive-R3/ 
Readout-R1 
*18.81% 
**(0.97) 
*18.84% 
**(0.97) 
*18.63% 
**(0.96) 
*18.58% 
**(0.96) 
*19.43% 
**(1) 
m13710.4 
(6.21 x 10-3) 
m13801.6 
(8.54 x 10-3) 
m13932.0 
(1.64 x 10-2) 
m14110.4 
(6.62 x 10-3) 
m14354.4 
(8.8 x 10-3) 
d 12557.9 d 12709.4 d12858.7 d13015.9 d13060.5 
Chip11 
Drive-R3/ 
Readout-R1 
* 9.18% 
**(0.93) 
* 8.59% 
**(0.87) 
* 8.35% 
**(0.84) 
* 8.41% 
**(0.85) 
* 9.91% 
**(1) 
 
Comparing the measured and simulated responses, since the measured modal frequencies are 
much higher than the simulated response, we can expect that both fabricated structures are 
oversized due to the effect of process variation.  If we consider the increase of the width of 
anchor spring, bASP is similar as the increase of the comb finger width, bf   (comparing to the 
observed INTEGRAM chip), the increase of the resonator stiffness will be much higher than 
the increase of mass (i.e. from estimation of the stiffness of an anchor spring, k = 
Eh(bASP)3/(LASP)3 (Equation F-2, Appendix F)) . The effect of change of the stiffness compared 
to resonator mass is more significant for the Staggered Stiffness CMRA, since length of the 
resonator anchor springs were staggered.  Hence, we observe the measured modal frequencies 
are higher than the simulated response.  The sample measurements and data analysis of the 
manufacturing tolerances on Chip10 (refer to Appendix H (Table H-3)) have confirmed that 
the structures on the chip were oversized, with  25.59% and 26.6% increase of the width of 
the anchor springs (bASP) and fingers (bf).   
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The effect of over-sizing due to the process variation was further analysed using the inverse 
eigenvalue analysis to estimate the mass change of the fabricated structure.  Figure 7.23 
displays the analysis result and Table 7-14 summarizes the estimated mass.  Comparing the 
estimated masses and the designed mass (at no change of the structure stiffness), the highest 
differences for both structures are -27.20% (Chip10, R5) and -13.32% (Chip11, R2).  If the 
variation for the structure is calculated based on differences between the maximum and 
minimum change of the resonator mass, the maximum variations for Chip10 and Chip11 are 
0.76% and 0.93%. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   
 
 
 
Figure 7.23 Comparison: designed mass and estimated mass of Staggered Stiffness CMRA 
(using inverse eigenvalue analysis); (a) Designed mass; (b) Chip10; (c) Chip11 
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Table 7-14 Staggered Stiffness CMRA: comparison- designed mass and estimated mass of the 
fabricated structure using inverse eigenvalue analysis 
 
Resonator(R) R1 R2 R3 R4 R5 
Designed Mass nanokg] 3.0590 3.0596 3.0615 3.0607 3.0575 
Chip10: Estimated Mass 
[nanokg] 
2.242 
 (-26.71%) 
2.229 
(-27.15%) 
2.252 
(-26.44%) 
2.249 
(-26.52%) 
2.226 
(-27.20%) 
Chip11:Estimated Mass: 
[nanokg] 
2.680 
(-12.39%) 
2.652 
(-13.32%) 
2.676 
(-12.59%) 
2.677 
(-12.54%) 
2.658 
(-13.07%) 
 
 
7.6.3.2 Uniqueness of the Frequency Response - Staggered Stiffness CMRA 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 7.24 Comparison: frequency response pattern of unperturbed and perturbed Staggered 
Stiffness CMRA  
 
 
Figure 7.24 compares the measured frequency response pattern of the unperturbed and 
perturbed Staggered Stiffness CMRA structure (Chip11).  Overall, the measured perturbed 
responses are unique.  However, the shift of some modal frequencies for both perturbed 
conditions (i.e. mode 1, 3 and mode 4) are more or less similar.  Table 7-15 summarizes the 
measured and analyzed data of the structure. 
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To understand the effect of mass loading on the frequency response pattern of the Staggered 
Stiffness CMRA and the effect of process variation on the fabricated structure, the eigenvalue 
analysis result of the designed structure was considered (Table 7-16). Due to the staggered 
stiffness design, the shift of modal frequencies for mode 1 is similar and mode 3, and 5 are 
almost similar when mass is perturbed at R1 and R5. Considering the measured responses 
(Table 7-15), three modal eigenfrequencies (mode 1, 3 and 4) are nearly similar when mass 
was perturbed at R1 and R5.  The differences of the three frequencies are 2.4Hz (mode1), 
1.6Hz (mode 3), and 2.4Hz (mode4).  Comparing the measured (Table 7-15) and the designed 
modal frequencies (Table 7-16), it can be argued that the impact of process variation is 
slightly affected the modal frequency of mode 4 and 5.  The mass changes of the structure due 
to process variation (as discussed in Section 7.6.3.1) has slightly reduced the 
distinguishability of the frequency shift of mode 4 and significantly increased the frequency 
shift of mode 5. 
 
Table 7-15 Summary of measurement data (Figure 7.24) and data analysis 
Modal Frequencies, fM [Hz] 
(Response Amplitude, rms Vout [V]) 
Note:- Frequency and amplitude difference = 
perturbed value – initial value 
Measurement 
/ Analysis 
Chip11 
Mode1 Mode2 Mode3 Mode4 Mode5 
Initial 
measurement 
13710.4 
(6.21 x 10-3) 
13801.6 
(8.54 x 10-3) 
13932.0 
(1.64 x 10-2) 
14110.4 
(6.62 x 10-3) 
14354.4 
(8.8 x 10-3) 
+m at R1 13698.0 
(1.28 x 10-2) 
13754.4 
(1.9 x 10-3) 
13921.2 
(1.63 x 10-2) 
14099.2 
(8.19 x 10-3) 
14355.6 
(1.12 x 10-2) 
Frequency  
difference 
-12.4 
-0.09% 
-47.2 
-0.34% 
-10.8 
-0.08% 
-11.2 
-0.08% 
1.2 
0.01% 
Amplitude 
difference  
6.6 x 10-3, 
106.3% 
-6.6 x 10-3 
-77.8% 
-1 x 10-4 
-0.61% 
1.57 x 10-3 
23.7% 
2.4 x 10-3 
27.3% 
 
     
 
+m at R5 
13700.4 
(2.1 x 10-2) 
13739.2 
(7.21 x 10-3) 
13919.6 
(1.59 x 10-2) 
14101.6 
(7.64 x 10-3) 
14337.6 
(1.09 x 10-2) 
Frequency  
difference 
-10 
-0.07% 
-62.4 
-0.45% 
-12.4 
-0.09% 
-8.8 
-0.06% 
-16.8 
-0.12% 
Amplitude 
difference  
1.48 x 10-2, 
238.3% 
-1.3 x 10-3, 
-15.2% 
-5.0 x 10-4, 
-3.1% 
1.02 x 10-3, 
15.4% 
2.1 x 10-3 
23.9% 
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Table 7-16 Eigenvalue analysis result of Staggered Stiffness CMRA (ideal condition) using 
lumped mass analysis (7.6 x 10-12 kg mass was perturbed at R1 and R5 separately) 
Analysis Mode1 Mode2 Mode3 Mode4 Mode5 
Initial (Hz) 12903 12982 13053 13152 13189 
+m at R1(Hz)  12902 12975 13048 13150 13188 
+m at R5 (Hz) 12902 12980 13049 13144 13187 
 
7.6.3.3 Stability of the Structure Eigenvectors 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 7.25 (a) Comparison – Estimated mass of unperturbed and perturbed Staggered 
Stiffness CMRA (Chip11) using Inverse Eigenvalue Analysis; (b) Mass change pattern of the 
structure (mass perturbed at R1); (c) Mass change pattern of the structure (mass perturbed at 
R5) 
 
Figure 7.25 (a) compares the estimated mass of the coupled resonators for the unperturbed 
and perturbed structure using the inverse eigenvalue analysis.  Comparing between the 
unperturbed mass and when structure was perturbed at R1 (Figure 7.25(b)), the analysis 
shows that the maximum mass changes is at R1.  However, the analysis also shows that the 
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maximum mass change at R1 when mass was perturbed at R5 (Figure 7.25(c)).  Therefore, it 
can argue that the eigenvectors of the fabricated structure are remained stable when 7.6 x10-
12kg mass was perturbed at R1 (i.e. agreeable with modelling analysis (Chapter 5)).  Hence, 
the analysis using the designed eigenvectors correctly identified the mass change pattern of 
the resonator.  The effect of process variation and when mass was milled off at R1 caused the 
eigenvectors of the fabricated structure were no more stable compared to the designed 
eigenvectors.  The inverse eigenvalue analysis causes error when using the designed 
eigenvectors to estimate the perturbed mass at R5.  
 
 
7.7 Stability of the Measured Response  
 
 
 
Three similar Single Resonators fabricated on a chip (Chip4) 
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Figure 7.26  Measurement result: frequency response comparison of Single resonators 
(second measurement: 49 days after the first measurement) 
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The stability of the measured frequency response pattern was examined by comparing 
between the first and second batch of the measurements.  Figure 7.26 displays and compares 
the frequency response of three single comb-drive resonators (Chip4) between the first and 
second measurement.  Table 7-17 details the measurement result.  
 
Table 7-17 Summary of data analysis of measured structure (Figure 7.26) 
 
Peak of Resonant Frequency [Hz] 
( Response Amplitude [V]) 
Differences = Measurement 2 – Measurement 1 
Measurement/ 
analysis 
 (Chip4) 
 (R-1) (R-2) (R-3) 
Measurement 1 
(Initial)  
13769.2Hz 
(9.52 x 10-3V) 
13660.4Hz 
(1.09 x 10-2V) 
13265.6Hz 
(1.82 x 10-2V) 
Measurement 2 
(After 49 days) 
13739.2Hz 
(1.61 x 10-2V) 
13626.8 Hz 
(7.17 x 10-3V) 
13243.2 Hz 
(1.92 x 10-2V) 
Frequency  
Difference 
-30Hz 
 -0.22% 
-33.6 Hz 
-0.25% 
-22.4Hz 
 -0.17% 
Amplitude  
Difference 
6.6 x 10-3V 
69.33% 
-3.7 x 10-3V 
-33.9% 
1.0 x 10-3V 
5.5% 
 
As can be observed after 49 days, the resonant frequency of the three resonators decreased, 
with R-2 resonator shows the highest decrement followed by R-1 and R-3.  While, the 
response amplitude of R-1 and R-3 resonator increased, and R-2 resonator decreased.  The 
change of the response amplitude and the resonant frequency has changed the performance of 
the single resonators.  As a result, the quality factors of R-1 was increased by 57.6%; while, 
the quality factor of R-2 and R-3 resonator were decreased by 43.4% and 6.6% respectively. 
The decrease of the resonant frequency of the three single resonators may be because of 
a slight increase of the resonator mass.  One possible reason of the increase of the resonator 
mass is due to an oxidation of the aluminium material which was metallized on the surface of 
the resonators. However, further research such as X-ray diffraction analysis (XRD) may be 
performed to determine the phase change of the material before the argument can be 
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confirmed.  The change of the performance of the single resonator has exemplified that the 
same effect may occur on the CMRA sensor structure.  Figure 7.27 compares the first and 
second measurement result of the unperturbed Staggered Mass CMRA (Chip8).  Table 7-18 
summarizes the measured and analyzed data.   
5 Staggered Mass CMRA (Chip8) : Drive-R1/ Readout-R1
Measured at 2 [V] Vpp & 0.1 [Pa] Chamber Pressure 
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Figure 7.27 Measurement result: frequency response comparison of 5 staggered Mass CMRA 
(second measurement: 45 days after the first measurement)  
 
 
Table 7-18 Summary of data analysis of measured structure (Figure 7.27) 
Peak of Resonant Frequency [Hz] 
( Response Amplitude [V]) 
Differences = Measurement 2 – Measurement 1 
Measurement/ 
Analysis 
(Chip8) 
Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 
Measurement1 
(Initial) 
12627.2 
(3.9x 10-3) 
12702.8 
(3.81 x 10-3) 
12852.8 
(2.13 x 10-2) 
13038.8 
(3.51 x 10-2) 
13129.4 
(5.06 x 10-3) 
Measurement2 
(after 45 days) 
12624.0 
(6.78x 10-3) 
12702.8 
(5.77 x 10-3) 
12834.8 
(2.88 x 10-2) 
13014.8 
(3.32 x 10-2) 
13128.0 
(2.17 x 10-3) 
Frequency 
Difference 
-3.2Hz 
-0.03% 
0 -18Hz 
-0.14% 
-24Hz 
-0.18% 
-1.4Hz 
-0.01% 
Amplitude 
Difference 
2.9 x 10-3V 
74.4% 
2.0 x 10-3V 
52.5% 
7.5 x 10-3V 
35.2% 
-1.9 x 10-3V 
-5.4% 
-2.2 x 10-3V 
-43.5% 
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As shown in Figure 7.27, after 45 days from the first measurement of the structure, some 
structure modal frequencies and the resonant peaks were changed.  Except for the modal 
frequency of the mode 2, all other modal frequencies were decreased. The response amplitude 
of the mode 1, 2 and 3 were increased and mode 4 and 5 were decreased.   
 As discussed earlier for the single resonator, the shift of the modal frequencies and 
response amplitude may be due to the increase of resonator mass after certain period of time.  
To estimate the change of the structure mass, the inverse eigenvalue analysis was considered.  
From the analysis result in Figure 7.28, the maximum estimated increase of mass are 0.20% 
(R1), followed by 0.16% (R5), 0.12% (R3), 0.096% (R4) and 0.095%(R2). 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 7.28 Inverse eigenvalue analysis result: estimated mass of Staggered Mass CMRA 
(comparison between measurement1 and 2) 
 
 
Although, the frequency response pattern of the structure is changed after certain time, but the 
five peaks of the structure modal frequencies are remained measurable.  Hence, the frequency 
response pattern of the CMRA structure is still reliable to be used as a signature for the 
coupled resonators sensor. Only a calibration is required before mass is perturbed on the 
structure; to ensure accurate prediction of the perturbed mass when comparing between the 
unperturbed and perturbed frequency response pattern. However, more measurement and 
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analysis are required to confirm the rate of change of the frequency response pattern of the 
CMRA structure over a period of time. 
 
7.8 Summary and Conclusion 
 
To confirm the performance of the CMRA structure, 11 Chips were tested which involves 6 
tests of the three CMRA(s) structure (Constant Mass CMRA, Staggered Mass CMRA and 
Staggered Stiffness CMRA) and its single resonators (integrated comb-drive resonator) and 
also the single fixed-fixed beam resonator. 
From the performance evaluation of the single resonator (Chip1) which was measured 
at different vacuum level (Section 7.5.1) shows that the air pressure level give a very small 
effect on the shift of the resonant frequency. However, the air pressure level has large effect, 
decreasing the response amplitude of the resonator signal and increasing the resonant 
frequency bandwidth of the measured response.  
The input voltage (Vpp) has a proportional effect on the response amplitude of the 
resonant frequency curve.  As discussed in Section 7.5.2, at high range of the input voltage 
(i.e. more than 0.4 V) the A-F curve of the single resonator is nonlinear and the shift of the 
resonant frequency is unpredictable.  To ensure stable and predictable frequency response 
curve for a linear sensor characteristic the single resonator and the CMRA structure was 
driven at 0.4 V and 2V Vpp voltage respectively. 
Process variation is inevitable as exemplified by the frequency response measurement 
of the single resonators fabricated on Chip2, Chip3, Chip4 and Chip5 (Section 7.5.3). Three 
similar single resonators on each chip exhibit different resonant frequency and different 
response amplitude. The maximum frequency variations between the fabricated single 
resonators are 3.91% (Chip4) followed by 2.42% (Chip2), 1.3% (Chip3) and 0.36% (Chip5). 
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From the mass loading frequency response effect analysis of the single resonators (Section 
7.5.4), showed that when an approximate 7.6 x 10-12kg platinum mass was deposited on the 
single resonator (Chip1), the resonant frequency and the response amplitude of the resonator 
decreases by 0.03% and 55% respectively. 
As discussed in Section 7.6, the performances of the three fabricated CMRA(s) are 
summarized as follows:- 
Constant Mass CMRA: 
The measurements of the unperturbed structure confirm that all the resonant peaks of the 5 
modal frequencies are measurable.  Both measured responses (Chip6 and Chip7) showed 
significant differences when compared to the simulated responses from finite element 
analysis.  As discussed in Section 7.6.1.1 the process variation has significantly modified the 
mass and stiffness of the structures. The maximum mass change estimated using lumped mass 
analysis was -1.22% for both structures.  When the Constant Mass CMRA (Chip6) was 
perturbed at R1 and R5 separately, the structure showed distinctive response patterns for both 
perturbed conditions (Section 7.6.1.2).  The process variation has naturally staggered the 
Constant Mass CMRA to produce unique frequency response pattern for the coupled 
resonator sensors. 
Staggered Mass CMRA: 
The measurement results of the Staggered Mass CMRA (Section 7.6.2.1) confirmed that the 5 
modal frequencies of the structure are measurable. The process variation has significantly 
altered the mass of the coupled resonators and changed the measured modal eigenfrequencies. 
By using the inverse eigenvalue analysis, the maximum variations between the estimated 
masses of 5 resonators were 1.05% (Chip8) and 1.73% (Chip9). Due to the effect of process 
variation and the staggered mass design of the coupled resonators the Staggered Mass CMRA 
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(Chip9) produced a unique frequency response pattern as  a single resonator sensor when 
mass was perturbed at R1 and R5 (Section 7.6.2.2).   However, the mass changes due to the 
process variation on Chip9 (i.e. the errors which is more than 1% compared to the amount of 
staggered mass) have modified the designed mass of the coupled resonators; hence using the 
inverse eigenvalue analysis, the mass change pattern of the perturbed platinum mass at R5 
was unable to be determined. 
Staggered Stiffness CMRA: 
The measurement results of the structure showed that the measured 5 modal frequencies for 
both Chip10 and Chip11 are higher than the simulated response (Section 7.6.3.1).  The shift of 
the frequencies was expected due to the effect of structure oversized and the structure design 
of the staggered stiffness.  From the inverse eigenvalue analysis result,  the maximum 
estimated change of mass was -27.20% (Chip10) and -13.32% (Chip11) and the maximum 
estimated mass variations for both chips were 0.76% (Chip10) and 0.93% (Chip11).  When 
the structure (Chip11) was perturbed at R1 and R5 separately, the measurement results 
showed distinctive frequency response patterns.  It can be claimed that the process variation 
has impacted less the Staggered Stiffness CMRA.  As a result,  the structure eigenvectors 
remained stable to determine the mass change pattern of the structure sensor when mass was 
perturbed at R1. However, the effect of the process variation and the variation of the platinum 
deposited mass, caused the inverse eigenvalue analysis no more sensitive to estimate the mass 
change pattern due to the perturbed mass at R5.  
The stability analysis of the frequency response of the 3 single comb-drive resonators 
on Chip4 exemplify that some resonator quality factor was increased and some was decreased 
after a period of 49 days.  The analysis of the Staggered Mass CMRA after 45 days showed 
that least effect occurs on the CMRA structure. The average reduction of the 5 modal 
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frequencies are 9.32Hz compared to 28.67Hz for single resonator.  Since the resonators are 
coupled together the effect of high and low quality factors are mitigated among 
neighbourhood elements of the coupled resonators and the coupling springs.   
Overall, this type of sensor structure requires a calibration before mass is perturbed on 
its resonator sensor to ensure accurate comparison of the sensor output signal before and after 
mass is perturbed on the structure.  Since the process variation is in place, a technique to 
accurately calibrate the fabricated CMRA and to extract a new set of the structure 
eigenvectors is required; knowing the new set of the fabricated CMRA eigenvectors, the 
inverse eigenvalue analysis may be used to estimate the mass change pattern of the coupled 
resonator sensor.  
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CHAPTER 8   - CONCLUSION AND FUTURE 
RECOMMENDATIONS  
 
8.1 Conclusion 
 
The main objective of this research was the development of a new sensor structure of the 
coupled micro resonator array (CMRA) for use in the artificial nose.  The research motivation 
was the realization of multiple resonant sensors with a simplified readout system.  The drive 
and readout of the sensor output was based on an electrostatic drive and capacitive detection. 
The frequency response curve of the coupled structure is the signature output of the CMRA 
sensor.  Any change of mass of one of the resonators changed the frequency response of the 
coupled structure. Knowing the change of mass of the coupled resonators allows the 
determination of mass species on the resonators, since the CMRA resonator sensors were 
designed to selectively absorb particular mass.    
Chapter 5 presented three final CMRA(s) structure, (1) 5 Constant Mass CMRA, (2) 5 
Staggered Mass CMRA, and (3) 5 Staggered Stiffness CMRA. The mass loading effect on the  
CMRA frequency response was tested by a platinum mass deposition using the focused ion 
beam (FIB) technology.  There are several challenges to be overcome to successfully develop 
the CMRA sensor:  
1. Balanced effective mass of the coupled elements for measurable frequency response:   
The first key performance criteria of the CMRA was measurability of the frequency response 
of the coupled structure.  The mass and stiffness configuration of the coupled elements 
determined the relative displacement and the measurability of all eigenmodes of the structure.  
As demonstrated by the first version of the CMRA (Section 3.5.5, Chapter 3), due to large 
mass of the comb drive actuators, the actuator failed to drive the coupled fixed-fixed beam 
resonators.  The large mass of the driven comb which was rigidly coupled to the first 
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resonator (R1) reduced the relative displacement of the first coupled element (i.e. creating a 
node), which desynchronised the motion of the first element and the next coupled elements.  
The 5 Constant Mass CMRA which was based on the integrated coupled comb-drive 
resonators enhanced the measurability of the structure output signal.  The constant mass 
balanced the relative displacement of the 5 coupled resonators for all the 5 structure 
eigenmodes. 
2. Amount of staggered mass and  staggered approach for unique, measurable frequency 
response and stable eigenvectors: 
A unique frequency response pattern is very important  as a finger print of the CMRA sensor 
structure.  The research used the inverse eigenvalue analysis to estimate the mass change 
pattern of the coupled resonators.  Since the unperturbed eigenvectors were used in the 
inverse eigenvalue analysis, it is important to stabilize the eigenvectors against  the perturbing 
mass. 
 Although the Constant Mass CMRA provided an advantage for a measurable output 
signal,  the structure produced no unique frequency response pattern for the entire single 
resonator sensors and the eigenvectors were always unstable.  Breaking the symmetry of the 
structure by staggering the mass of the coupled resonators helped to produce unique 
frequency response patterns and stabilize the structure eigenvectors. However, determination 
of amount of the staggered masses and the staggered approach is important to ensure the 
measurability of the 5 eigenmodes of the CMRA.  As exemplified by the uniform step 
staggered approach (Section 4.6.2), with 5% total mass differences between R1 and R5 
reduced the relative displacement of the R1 (mode 1) and R5 (mode 5) to approach zero.  As 
a result only four modal eigenfrequencies are expected measurable when the readout is at R1 
or R5. 
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The Staggered Mass and Staggered Stiffness CMRA which were based on  the unsymmetrical 
staggered - balanced mass distribution between the first and second half of the coupled array 
with the heaviest mass in the middle of the structure array improved the structure 
measurability.  Positioning the heaviest mass at the middle of the structure array helped to 
balance the relative displacement of the 5 coupled resonators; the impact of the large mass is 
reduced by segregating  it to both half of the array.  With the unsymmetrical-balanced mass, 
the approach staggered the coupled resonators for a unique frequency pattern  of the coupled 
resonator sensor, while balancing the relative displacement of the coupled structure on both 
half of the array. A balanced relative displacement between the 5 resonators reduces a risk 
that some of the modal eigenfrequencies of the coupled structure at the resonator with the 
smallest displacement is unable to be measured.  For both staggered CMRA(s) the minimum 
limit of perturbing mass for a unique detectable response is 1 x 10-12kg.    . 
 The staggered CMRA(s) were designed to stabilize the eigenvectors due to a small 
change of absorbed mass (i.e. for a single resonator mass change). The structure eigenvectors 
are stable if the eigenvectors and the eigenmodes of the coupled structure remain comparable 
before and after a mass is added to the structure.  For the Staggered Mass CMRA, the 
eigenvectors of the single resonator sensor remained stable when the perturbing mass was 
3.0615 x 10-11kg (R1), 1 x 10-11kg (R2), 1x 10-12kg (R3 and R4) and 1 x 10-13kg (R5).  For the 
Staggered Stiffness CMRA the perturbed eigenvectors remained stable when the single 
resonator sensor absorbs 1 x 10-11kg mass. 
3. The CMRA fabrication process and the impact of process variation: 
The CMRA fabrication used the bulk micromachining processes which relies essentially on 
the lithography process to transfer the structure pattern.  It is the nature of the MEMS 
processes, that a slight variation in the process parameters varies the final profile  of the 
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fabricated structure.  As discussed in Chapter 6, the sources of the process variation of the 
fabricated structure were originated from the photo resist preparation and the process to 
transfer the pattern onto the wafer (photolithography and development processes).  The 
variation of the thickness of the SOI material layer supplied by the manufacturer caused the 
processing time to etch the Si device layer varies from one chip to another chip, which also 
affected the device profile. 
The quantified variation of the INTEGRAM chip showed that for the particular 
measured geometrical dimensions the minimum and maximum part to part variations were 
0.25% and 1.99% respectively (Section 5.6.1).  The numbers give an idea, the level of 
variation which is expected to vary the fabricated structure (e.g. length, width); it can be 
suggested that more chips  are required to be quantified across the whole wafer in order to 
confirm the level of the variation for particular facilities and technique to fabricate  the 
MEMS structure. 
The frequency response measurement of the three similar single resonators which were 
fabricated on a single chip (Chip2, Chip3, Chip4 and Chip5) showed the level of variation for 
the particular chips.  The minimum and maximum frequency variation of the single resonator 
were 0.35% (Chip5) and 3.91% (Chip4).  A such variation level will significantly affect the 
performance of the fabricated CMRA sensor structures.  Comparing the designed and the 
fabricated CMRA structures on the 6 different chips, the maximum estimated mass variation 
between the 5 coupled resonators was 1.19% (Chip6),  0.74% (Chip7),   1.05% (Chip8), 
1.73% (Chip9), 0.76% (Chip10) and 0.93% (Chip11).  Although the variation provides an 
advantage to naturally stagger the Constant Mass CMRA (Chip6); the variation also reduces 
some response amplitude of the coupled structure.  The mass change of the fabricated 
structure which was significantly higher than the amount of staggered mass caused the 
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approach of using the inverse eigenvalue analysis to estimate the mass change pattern of the 
perturbed resonator  is less suitable. 
4. Suitability of the inverse eigenvalue analysis to estimate the mass change of the 
perturbed CMRA 
Although using the inverse eigenvalue analysis could not accurately determine the amount of 
perturbed mass for the single resonator mass change, but the analysis is sufficient to estimate 
the mass change pattern of the perturbed staggered CMRA as discussed in Section 5.5.  
However, the impact of the manufacturing variation has limited the use of the inverse 
eigenvalue analysis.  Due to the effect of manufacturing variations, only  4 modal 
eigenfrequencies were measurable when R1 of the Staggered Mass CMRA (Chip9) was 
perturbed with 7.6 x 10-12kg platinum; as a result, the stability of the structure eigenvectors 
could not be validated using the inverse eigenvalue analysis.   The effect of process variation 
caused the approach was unable to estimate the mass change pattern of the Staggered 
Stiffness CMRA (Chip11) when platinum mass was perturbed at R5. 
 Overall the three CMRA(s) structures were successfully demonstrated the multiple 
resonant sensors with a simplified readout.   The 5 Constant Mass CMRA (Chip6)  which has 
been naturally staggered by the process variations showed unique frequency response patterns 
when platinum mass was perturbed separately at R1 and R5.  With the staggered designs, 
both Staggered Mass (Chip9) and Staggered Stiffness CMRA (Chip11) also showed unique 
frequency response pattern for the single perturbed resonator sensor. The second 
measurement of the Staggered Mass CMRA (Chip8) showed that the structure frequency 
response remained stable after 45 days from the first measurement.  Although some modal 
frequencies were slightly decreased, but all the structure eigenmodes were measurable.  In 
order to use the CMRA as a sensor structure, an approach to accurately quantify the mass 
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change pattern of the perturbed coupled resonator is required;  since the mass of the 
fabricated structure was changed due to the process variation, the CMRA sensor structure 
requires a calibration before any mass is perturbed on the structure.   
In conclusion the CMRA structure development is successful.  The CMRA sensor 
structure showed potential to present large resonant sensors array for the artificial nose.  By 
only monitoring the frequency response of the coupled resonators, the complexity of the 
readout and  signal processing system of large sensing system will be simplified. Using the 
CMRA, requirement to integrate different sensors response is eliminated; hence, simplifying 
the mathematical modelling to characterize different sensor responses.  
8.2 Future Recommendations 
In order to use the CMRA sensor structure in the artificial nose there are still many further 
studies required: 
1.     An approach to estimate the mass change of the perturbed CMRA resonator  
The impact of the process variation which changed some structure eigenvectors and reduced 
the measurability of the eigenmodes, cause the approach of the inverse eigenvalue analysis to 
become less suitable   to estimate the mass change of the CMRA sensor structure; unless the 
new set of eigenvectors  of the fabricated CMRA are determined.  Otherwise, an alternative 
technique to compare the two states of the Amplitude-Frequency curve (A-F curve) (before 
and after mass was perturbed on the structure) is required to determine the change of mass of 
the perturbed CMRA.  
2. Redesign the CMRA to include the effect of manufacturing variation 
In order to use the inverse eigenvalue analysis to estimate the mass change pattern, it is 
important to redesign the CMRA so that the structure eigenvectors are insensitive to the 
manufacturing variation. 
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3. Using the electrostatic or mechanical tuning to compensate the manufacturing 
variability 
It is interesting to research an approach of a frequency tuning using the electrostatic comb 
drive [169] to alter the resonant frequencies of the CMRA structure. The mechanical 
frequency tuning approach using the focused ion beam platinum deposition also may be 
explored. 
4. An Approach to analyse and optimize the CMRA structure design  
An approach such as Genetic Algorithm may be used to further analyse the CMRA 
performance or optimize the CMRA structure design.  The approach may be used to estimate 
the amount of change of mass or stiffness of the coupled structure which affected by the 
process variation. Knowing the change value will determine the new set of eigenvectors of the 
fabricated CMRA. The technique may also be used to explore other alternatives to break the 
CMRA structure symmetry such as staggering the coupling spring, and optimizing the 
performance of the CMRA (e.g. optimizing the design parameter to improve the Q-factor of 
the sensor structure). 
5. Alternative method to drive and readout the CMRA sensor structure 
The electrostatic drive and capacitive readout constrains the size of the CMRA structure. 
Small CMRA structure is hard to be realised in order to ensure enough capacitance for the 
drive and readout measurement.  Large mass of the CMRA sensor reduces the sensitiveness 
of the sensor to detect a small amount of perturbed mass.  Other approach of drive and 
readout such as a piezoelectric excitation and an optical detection may be explored, so that 
the CMRA sensor can be operated in higher scale of resonant frequency (Mega hertz or 
gigahertz). 
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6. Mass loading frequency effect based on real test of odour absorption – desorption  
Even though many researches are important before the CMRA can be properly established for 
the artificial nose, it is interesting to experiment the effect of the odour absorption - 
desorption process on the sensitivity and stability  of the Amplitude-Frequency curve (A-F 
curve) of the CMRA structure. Then the structure can be further improved to be sensitive 
within the threshold of the species of odour to be measured.   
A likely sequence of operations of the final device are: 
A chemically sensing membrane material which will react with the odorant molecules will be 
coated on the surface of the resonator. A calibration step is required to observe the effect of 
the coated material on the shift of the resonant frequency curve (note: the device will be 
operated in a vacuum test chamber). An odour or a sample gas to be tested will be introduced 
and directed to the coated sensing membrane material by using a flow control valve unit.  The 
sensor is then allowed to vibrate in few minutes before the final frequency response curve is 
measured. 
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Consideration - Finite Element Analysis (COMSOL Multiphysics) 
 
 
1.  Modeling using graphical user interface (GUI, predefined physics modes or PDEs) 
 
 
 
 
 
 
 
 
 
2. Stability of mesh: minimum element quality (3D structure: at least 0.1; and 2D: at least 
0.3 [169] )  
 
3. The effect of mesh quality on the simulation result. 
 
Table A-1 Example of  fundamental frequency of fixed-fixed beam resonator compared to 
minimum element quality of mesh and time to run the simulation 
 
Mesh Statistics 
Parameter/ 
Others 
(1) (2) (3) (4) (5) (6) (7) 
DOF 17228 9622 7362 6302 6306 5022 3642 
Number of  
mesh points 
2277 1312 1022 884 884 718 538 
Number  
of elements 
4061 2188 1638 1384 1386 1076 746 
Number of  
boundary 
element 
493 436 406 384 382 360 330 
Number of 
vertex elements 
24 24 24 24 24 24 24 
Element 
area ratio 
0.0028 9.29e-4 2.5e-4 3.09e-4 1.86e-4 9.66e-5 9.51e-5 
Minimum 
element quality 
0.6047 0.7054 0.7058 0.7059 0.6985 0.6435 0.6328 
Resonator 
frequency [Hz] 
48761.71 48765.35 48763.09 48760.54 48759.97 48760.36 48766.58 
Predefined 
mesh size 
Extremely 
fine 
 
Extra fine 
 
Finer 
 
Fine 
 
 
Normal 
 
Coarse 
 
Extra 
Coarser 
 
Solution Time 
[s] 
1.438 0.766 0.547 0.438 0.453 0.344 0.235 
 
 
 
 
 
 
 
Geometrical 
Structure Design 
 Mode of Application/ 
Module  
Subdomain/ Boundary/ 
Point setting: material, 
loads, constraints, sources 
 Geometry Meshing: 
Quality of mesh 
 Solving the problem: 
Solver Selection 
 Postprocessing 
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Figure A.1 Simulated Frequency response of fixed-fixed beam using COMSOL Multiphysics 
at different quality of mesh. 
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MATLAB CODES – Eigenvalue and Eigenvectors Analysis 
 
clc 
clf 
  
% insert the stiffness of R1 (resonator1), R2, R3 R4 and R5 
k1=stiffnessR1; 
k2=stiffnessR2; 
k3=stiffnessR3; 
k4=stiffnessR4; 
k5=stiffnessR5; 
  
% insert the four coupling stiffness of kc1, kc2, kc3, and kc4 
kc1=coupling_stiffness_kc1;    
kc2=coupling_stiffness_kc2; 
kc3=coupling_stiffness_kc3; 
kc4=coupling_stiffness_kc4; 
  
% insert the mass of R1 , R2, R3 R4 and R5 
m1=massR1;  
m2=massR2;  
m3=massR3;  
m4=massR4; 
m5=massR5; 
  
% Initial mass matrix of the 5 resonators (unperturbed Resonators) 
M=[m1,0,0,0,0;0,m2,0,0,0;0,0,m3,0,0;0,0,0,m4,0;0,0,0,0,m5]  ;                                
                    
% Stiffness matrix (resonator stiffness & coupling constant) 
K=[(k1+kc1), -kc1,0,0,0;-kc1, (k2+kc1+kc2),-kc2,0,0;0,-kc2,(k3+kc2+kc3),-
kc3,0;0,0,-kc3,(k4+kc3+kc4),-kc4;0,0,0,-kc4,(k5+kc4)];  
  
Force=[0; 0; 1e-6; 0;0]; 
  
% The natural frequency of the uncoupled single degree of freedom system 
% (R1, R2, R3, R4, & R5) 
f1=(1/(2*pi))*(k1/m1)^0.5; % Natural frequency of R1   
f2=(1/(2*pi))*(k2/m2)^0.5; % Natural frequency of R2 
f3=(1/(2*pi))*(k3/m3)^0.5; % Natural frequency of R3 
f4=(1/(2*pi))*(k4/m4)^0.5; % Natural frequency of R4 
f5=(1/(2*pi))*(k5/m5)^0.5; % Natural frequency of R5 
 
%**************************************************************************
************************************** 
%  EIGENVALUE AND EIGENVECTORS ANALYSIS 
  
E=(M^-1)*K;  
  
% The column eigenvector matrix,v and diagonal eigenvalue matrix, d of the 
unperturbed five degree of freedom system are: 
[V,d]=eig(E);                                                                              
  
% five unsorted modal eigenfrequencies of 5 coupled resonators:- 
fc1=(1/(2*pi))*d(1,1)^0.5; 
fc2=(1/(2*pi))*d(2,2)^0.5; 
fc3=(1/(2*pi))*d(3,3)^0.5; 
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fc4=(1/(2*pi))*d(4,4)^0.5; 
fc5=(1/(2*pi))*d(5,5)^0.5; 
% the sorted 5 modal eigenfrequencies (the lowest: mode1;..; the highest:% 
mode 5) 
yR = [fc1; fc2; fc3; fc4; fc5]; [sortyR, OrderR]=sort (yR); 
  
% x=[1,2,3,4,5]   
  
% The eigenvectors of the 5 coupled resonators (note: the eigenvectors for- 
% mode1, mode2, mode3, mode4 and mode5 were determined based on the sorted- 
% order of the 5 modal eigenfrequencies; 
  
% If the sorted order is 1,2,3,4, and 5; then the eigenvectors are:- 
mode1=V(:,1); 
mode2=V(:,2); 
mode3=V(:,3); 
mode4=V(:,4); 
mode5=V(:,5); 
  
%************************************************************************** 
% PLOTTING THE EIGENMODES 
  
% figure(1) % Eigenmodes of 5 coupled resonators 
 
plot(x,mode1,x,mode2,x,mode3,x,mode4,x,mode5),title('Eigenmodes of 
Unperturbed 5 CMRA'), xlabel('Resonator 1 to 5'),ylabel('Eigenvectors'), 
legend('mode1','mode2','mode3','mode4','mode5'),  style=-1 
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Eigenvectors Stability: Alternative 1 (Chapter 4) 
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Eigenvectors Stability: Alternative 2 
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Eigenvectors Stability: Alternative 3 
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Eigenvectors Stability: Alternative 4 
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Eigenvectors Stability: Alternative 5 
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Eigenvectors Stability: Alternative 6 
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Eigenvectors of 5 Staggered Mass CMRA (Unperturbed (Initial) and Perturbed):  
Analysed using Lumped Mass Analysis (Chapter 5) 
 
Note: 
1. **IEA: Determination of mass change pattern of the resonator using Inverse 
Eigenvalue Analysis, Y-Successful; N-Failed 
2. (*) Original ranked perturbed eigenvectors;  
(***)  perturbed eigenvectors (ranked based on the unperturbed eigenvectors) 
3. Highlighted eigenvectors:-  
Incomparable perturbed eigenvectors; 
Symmetrical perturbed eigenvectors 
 
 
Table D-1  Perturbed mass: 3.0615 x 10-11kg 
 
Eigenvector/ Analysis 
Perturbed Mass [kg] 
mode1 mode2 mode3 mode4 mode5 
Initial 
 
-0.1797 
-0.5010 
-0.7398 
-0.3734 
-0.1731 
-0.3397 
-0.5276 
0.0438 
0.5230 
0.5751 
0.4649 
0.3787 
-0.5412 
0.0948 
0.5818 
-0.6413 
0.3523 
0.0744 
-0.5231 
0.4305 
-0.4920 
0.4400 
-0.3727 
0.5495 
-0.3514 
(*)(***) 
(+) 3.0615 x 10-11 at 
R1 
 
(**IEA:Y) 
-0.2535 
-0.5190 
-0.7174 
-0.3544 
-0.1617 
-0.5280 
-0.4810 
0.1869 
0.4894 
0.4641 
0.5051 
0.1081 
-0.5054 
0.2326 
0.6508 
-0.6132 
0.6194 
-0.1634 
-0.3029 
0.3492 
-0.1908 
0.3101 
-0.3928 
0.7001 
-0.4722 
      (*) 
(+) 3.0615 x 10-11 at 
R2 
 
(**IEA:N) 
-0.2162 
-0.6572 
-0.6527 
-0.2853 
-0.1183 
-0.2943 
-0.5219 
0.2929 
0.5584 
0.4934 
0.3204 
0.2888 
-0.5820 
0.1676 
0.6687 
0.8202 
-0.3626 
0.0158 
0.3281 
-0.2965 
0.3247 
-0.2595 
0.3701 
-0.6866 
0.4678 
(***) 
 
 
 
 
    0.8202 
   -0.3626 
    0.0158 
    0.3281 
   -0.2965 
  -0.2943 
  -0.5219 
    0.2929 
    0.5584 
    0.4934 
0.3204 
0.2888 
-0.5820 
0.1676 
0.6687 
0.3247 
-0.2595 
0.3701 
-0.6866 
0.4678 
-0.2162 
-0.6572 
-0.6527 
-0.2853 
-0.1183 
      (*) 
(+) 3.0615 x 10-11 at 
R3 
(**IEA:N) 
 
0.1274 
0.4142 
0.8304 
0.3274 
0.1247 
-0.3530 
-0.5489 
0.0443 
0.5094 
0.5592 
0.4517 
0.4551 
-0.4527 
0.2088 
0.5834 
0.5995 
-0.3266 
-0.0754 
0.5603 
-0.4629 
-0.5596 
0.4522 
-0.2888 
0.5229 
-0.3542 
(***) 
 
0.5995 
-0.3266 
-0.0754 
0.5603 
-0.4629 
-0.3530 
-0.5489 
0.0443 
0.5094 
0.5592 
0.4517 
0.4551 
-0.4527 
0.2088 
0.5834 
-0.5596 
0.4522 
-0.2888 
0.5229 
-0.3542 
0.1274 
0.4142 
0.8304 
0.3274 
0.1247 
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(*) 
(+) 3.0615 x 10-11 at 
R4 
 
(**IEA:N) 
0.1456 
0.4268 
0.7011 
0.5067 
0.2201 
-0.3224 
-0.5746 
-0.1358 
0.5564 
0.4877 
-0.4851 
-0.3983 
0.5627 
-0.0900 
-0.5303 
-0.3857 
0.1040 
0.2484 
-0.6018 
0.6454 
0.7139 
-0.5562 
0.3129 
-0.2371 
0.1639 
(***) -0.4851 
-0.3983 
0.5627 
-0.0900 
-0.5303 
-0.3857 
0.1040 
0.2484 
-0.6018 
0.6454 
0.7139 
-0.5562 
0.3129 
-0.2371 
0.1639 
-0.3224 
-0.5746 
-0.1358 
0.5564 
0.4877 
0.1456 
0.4268 
0.7011 
0.5067 
0.2201 
      (*) 
 
(+) 3.0615 x 10-11 at 
R5 
 
(**IEA:Y) 
-0.1664 
-0.4700 
-0.7142 
-0.4016 
-0.2829 
-0.2234 
-0.4285 
-0.1781 
0.3795 
0.7686 
-0.5162 
-0.5215 
0.5160 
0.1754 
-0.4058 
0.5517 
-0.2322 
-0.2089 
0.6838 
-0.3613 
0.6096 
-0.5118 
0.3671 
-0.4420 
0.1906 
(***) -0.5162 
-0.5215 
0.5160 
0.1754 
-0.4058 
-0.2234 
-0.4285 
-0.1781 
0.3795 
0.7686 
-0.1664 
-0.4700 
-0.7142 
-0.4016 
-0.2829 
0.5517 
-0.2322 
-0.2089 
0.6838 
-0.3613 
0.6096 
-0.5118 
0.3671 
-0.4420 
0.1906 
 
Table D-2  Perturbed mass: 1 x 10-11kg 
 
 
Eigenvector/ Analysis 
Perturbed Mass [kg] 
mode1 mode2 mode3 mode4 mode5 
Initial  
 
-0.1797 
-0.5010 
-0.7398 
-0.3734 
-0.1731 
-0.3397 
-0.5276 
0.0438 
0.5230 
0.5751 
0.4649 
0.3787 
-0.5412 
0.0948 
0.5818 
-0.6413 
0.3523 
0.0744 
-0.5231 
0.4305 
-0.4920 
0.4400 
-0.3727 
0.5495 
-0.3514 
(*)(***) 
(+) 1 x 10-11 at 
R1 
 
(**IEA: Y) 
-0.1990 
-0.5061 
-0.7345 
-0.3686 
-0.1702 
-0.3927 
-0.5222 
0.0816 
0.5165 
0.5474 
0.4929 
0.3025 
-0.5356 
0.1334 
0.6007 
-0.6781 
0.4729 
-0.0264 
-0.4155 
0.3783 
-0.3434 
0.3827 
-0.3911 
0.6375 
-0.4198 
      (*)(***) 
(+) 1 x 10-11 at  
R2 
 
(**IEA:  Y) 
-0.1929 
-0.5509 
-0.7172 
-0.3473 
-0.1561 
-0.3316 
-0.5390 
0.1278 
0.5351 
0.5449 
0.4115 
0.3490 
-0.5603 
0.1214 
0.6165 
-0.7141 
0.3680 
0.0378 
-0.4535 
0.3841 
-0.4357 
0.3711 
-0.3754 
0.6091 
-0.4006 
      (*) 
(+) 1 x 10-11 at 
R3 
(**IEA:  N) 
-0.1612 
-0.4720 
-0.7732 
-0.3591 
-0.1562 
-0.3440 
-0.5346 
0.0440 
0.5187 
0.5700 
0.4611 
0.4082 
-0.5135 
0.1364 
0.5818 
0.6280 
-0.3441 
-0.0748 
0.5356 
-0.4413 
0.5158 
-0.4442 
0.3419 
-0.5424 
0.3545 
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(***) 0.6280 
-0.3441 
-0.0748 
0.5356 
-0.4413 
-0.3440 
-0.5346 
0.0440 
0.5187 
0.5700 
0.4611 
0.4082 
-0.5135 
0.1364 
0.5818 
0.5158 
-0.4442 
0.3419 
-0.5424 
0.3545 
-0.1612 
-0.4720 
-0.7732 
-0.3591 
-0.1562 
      (*) 
(+) 1 x 10-11 at 
R4 
 
(**IEA:  N) 
0.1702 
0.4810 
0.7313 
0.4120 
0.1877 
-0.3328 
-0.5408 
-0.0104 
0.5411 
0.5512 
-0.4719 
-0.3854 
0.5487 
-0.0933 
-0.5647 
-0.5366 
0.2506 
0.1548 
-0.5926 
0.5236 
-0.6068 
0.5058 
-0.3556 
0.4159 
-0.2768 
(***) -0.5366 
0.2506 
0.1548 
-0.5926 
0.5236 
-0.3328 
-0.5408 
-0.0104 
0.5411 
0.5512 
-0.4719 
-0.3854 
0.5487 
-0.0933 
-0.5647 
-0.6068 
0.5058 
-0.3556 
0.4159 
-0.2768 
0.1702 
0.4810 
0.7313 
0.4120 
0.1877 
      (*) 
(+) 1 x 10-11 at 
R5 
 
(**IEA:  Y) 
0.1768 
0.4943 
0.7348 
0.3806 
0.1990 
-0.2975 
-0.4907 
-0.0262 
0.4908 
0.6551 
-0.4862 
-0.4347 
0.5382 
0.0086 
-0.5338 
0.6030 
-0.3029 
-0.1302 
0.5955 
-0.4160 
0.5466 
-0.4747 
0.3736 
-0.5072 
0.2814 
(***) 0.1768 
0.4943 
0.7348 
0.3806 
0.1990 
-0.2975 
-0.4907 
-0.0262 
0.4908 
0.6551 
-0.4862 
-0.4347 
0.5382 
0.0086 
-0.5338 
0.6030 
-0.3029 
-0.1302 
0.5955 
-0.4160 
0.5466 
-0.4747 
0.3736 
-0.5072 
0.2814 
 
 
 
Table D-3  Perturbed mass: 7.6 x 10-12kg 
 
Eigenvector/ Analysis 
Perturbed Mass [kg] 
mode1 mode2 mode3 mode4 mode5 
Initial  
 
-0.1797 
-0.5010 
-0.7398 
-0.3734 
-0.1731 
-0.3397 
-0.5276 
0.0438 
0.5230 
0.5751 
0.4649 
0.3787 
-0.5412 
0.0948 
0.5818 
-0.6413 
0.3523 
0.0744 
-0.5231 
0.4305 
-0.4920 
0.4400 
-0.3727 
0.5495 
-0.3514 
(*)(***) 
(+) 7.6 x 10-12 at 
R1 
(**IEA: Y) 
-0.1940 
-0.5048 
-0.7359 
-0.3699 
-0.1709 
-0.3790 
-0.5241 
0.0717 
0.5184 
0.5548 
0.4871 
0.3220 
-0.5374 
0.1235 
0.5958 
-0.6760 
0.4481 
-0.0047 
-0.4376 
0.3882 
-0.3735 
0.3955 
-0.3888 
0.6220 
-0.4074 
      (*)(***) 
(+) 7.6 x 10-12 at 
R2 
 
(**IEA:  Y) 
-0.1898 
-0.5387 
-0.7231 
-0.3539 
-0.1603 
-0.3343 
-0.5374 
0.1076 
0.5323 
0.5519 
0.4238 
0.3563 
-0.5563 
0.1152 
0.6088 
-0.6979 
0.3655 
0.0461 
-0.4701 
0.3953 
-0.4497 
0.3870 
-0.3752 
0.5961 
-0.3897 
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(*)(***) 
(+) 7.6 x 10-12 at 
R3 
(**IEA:  Y) 
 
-0.1655 
-0.4789 
-0.7655 
-0.3626 
-0.1602 
-0.3430 
-0.5329 
0.0439 
0.5197 
0.5713 
0.4620 
0.4015 
-0.5204 
0.1268 
0.5818 
-0.6312 
0.3461 
0.0748 
-0.5326 
0.4387 
-0.5102 
0.4432 
-0.3489 
0.5443 
-0.3540 
      (*) 
(+) 7.6 x 10-12 at 
R4 
 
(**IEA:  N) 
-0.1726 
-0.4861 
-0.7336 
-0.4023 
-0.1841 
-0.3344 
-0.5374 
0.0030 
0.5373 
0.5574 
-0.4703 
-0.3839 
0.5470 
-0.0936 
-0.5688 
-0.5613 
0.2741 
0.1374 
-0.5809 
0.5035 
0.5836 
-0.4933 
0.3608 
-0.4462 
0.2947 
(***) -0.5613 
0.2741 
0.1374 
-0.5809 
0.5035 
-0.3344 
-0.5374 
0.0030 
0.5373 
0.5574 
-0.4703 
-0.3839 
0.5470 
-0.0936 
-0.5688 
0.5836 
-0.4933 
0.3608 
-0.4462 
0.2947 
-0.1726 
-0.4861 
-0.7336 
-0.4023 
-0.1841 
      (*) 
(+) 7.6 x 10-12 at 
R5 
(**IEA:  Y) 
0.1776 
0.4961 
0.7362 
0.3787 
0.1921 
-0.3078 
-0.4998 
-0.0089 
0.5000 
0.6367 
-0.4813 
-0.4218 
0.5394 
-0.0154 
-0.5470 
0.6113 
-0.3138 
-0.1180 
0.5804 
-0.4208 
0.5353 
-0.4677 
0.3738 
-0.5168 
0.2963 
(***) 
 
0.1776 
0.4961 
0.7362 
0.3787 
0.1921 
-0.3078 
-0.4998 
-0.0089 
0.5000 
0.6367 
-0.4813 
-0.4218 
0.5394 
-0.0154 
-0.5470 
0.6113 
-0.3138 
-0.1180 
0.5804 
-0.4208 
0.5353 
-0.4677 
0.3738 
-0.5168 
0.2963 
 
 
 
Table D-4  Perturbed mass: 1 x 10-12kg 
 
Eigenvector/ Analysis 
Perturbed Mass [kg] 
mode1 mode2 mode3 mode4 mode5 
Initial  
 
-0.1797 
-0.5010 
-0.7398 
-0.3734 
-0.1731 
-0.3397 
-0.5276 
0.0438 
0.5230 
0.5751 
0.4649 
0.3787 
-0.5412 
0.0948 
0.5818 
-0.6413 
0.3523 
0.0744 
-0.5231 
0.4305 
-0.4920 
0.4400 
-0.3727 
0.5495 
-0.3514 
(*)(***) 
(+) 1 x 10-12 at 
R1 
 
(**IEA: Y) 
-0.1815 
-0.5015 
-0.7393 
-0.3729 
-0.1728 
-0.3445 
-0.5273 
0.0472 
0.5225 
0.5727 
0.4681 
0.3717 
-0.5409 
0.0983 
0.5836 
-0.6488 
0.3665 
0.0632 
-0.5108 
0.4242 
-0.4746 
0.4341 
-0.3758 
0.5614 
-0.3604 
      (*)(***) 
(+) 1x 10-12 at 
R2 
 
(**IEA:  Y) 
-0.1810 
-0.5059 
-0.7378 
-0.3709 
-0.1714 
-0.3392 
-0.5293 
0.0521 
0.5242 
0.5720 
0.4593 
0.3758 
-0.5435 
0.0975 
0.5856 
-0.6491 
0.3545 
0.0706 
-0.5162 
0.4260 
-0.4867 
0.4328 
-0.3732 
0.5561 
-0.3568 
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(+) 1x 10-12 at 
R3 
(**IEA:  Y) 
 
-0.1778 
-0.4981 
-0.7433 
-0.3720 
-0.1714 
-0.3401 
-0.5283 
0.0438 
0.5226 
0.5746 
0.4645 
0.3818 
-0.5386 
0.0991 
0.5818 
-0.6400 
0.3515 
0.0745 
-0.5244 
0.4316 
-0.4945 
0.4404 
-0.3694 
0.5489 
-0.3518 
      (*)(***) 
(+) 1x 10-12 at 
R4 
 
(**IEA:  Y) 
-0.1788 
-0.4992 
-0.7391 
-0.3770 
-0.1745 
-0.3389 
-0.5288 
0.0386 
0.5251 
0.5730 
0.4656 
0.3794 
-0.5420 
0.0946 
0.5801 
-0.6311 
0.3421 
0.0832 
-0.5324 
0.4408 
-0.5054 
0.4481 
-0.3717 
0.5358 
-0.3443 
      (*) 
(+) 1x 10-12 at 
R5 
 
(**IEA:  N) 
0.1794 
0.5004 
0.7394 
0.3740 
0.1754 
-0.3356 
-0.5241 
0.0371 
0.5205 
0.5834 
-0.4671 
-0.3844 
0.5412 
-0.0841 
-0.5780 
-0.6371 
0.3469 
0.0806 
-0.5315 
0.4298 
-0.4984 
0.4442 
-0.3730 
0.5451 
-0.3435 
(***) -0.6371 
0.3469 
0.0806 
-0.5315 
0.4298 
-0.3356 
-0.5241 
0.0371 
0.5205 
0.5834 
-0.4671 
-0.3844 
0.5412 
-0.0841 
-0.5780 
-0.4984 
0.4442 
-0.3730 
0.5451 
-0.3435 
0.1794 
0.5004 
0.7394 
0.3740 
0.1754 
 
 
Table D-5  Perturbed mass: 1 x 10-13kg 
 
 
Eigenvector/ Analysis 
Perturbed Mass [kg] 
mode1 mode2 mode3 mode4 mode5 
Initial  
 
-0.1797 
-0.5010 
-0.7398 
-0.3734 
-0.1731 
-0.3397 
-0.5276 
0.0438 
0.5230 
0.5751 
0.4649 
0.3787 
-0.5412 
0.0948 
0.5818 
-0.6413 
0.3523 
0.0744 
-0.5231 
0.4305 
-0.4920 
0.4400 
-0.3727 
0.5495 
-0.3514 
(*)(***) 
(+) 1 x 10-13 at 
R1 
 
(**IEA: Y) 
-0.1799 
-0.5011 
-0.7398 
-0.3733 
-0.1731 
-0.3402 
-0.5276 
0.0441 
0.5230 
0.5749 
0.4652 
0.3780 
-0.5412 
0.0951 
0.5820 
-0.6421 
0.3538 
0.0733 
-0.5219 
0.4299 
-0.4902 
0.4394 
-0.3730 
0.5507 
-0.3523 
 
     (*)(***) 
(+) 1x 10-13 at 
R2 
 
(**IEA:  Y) 
-0.1798 
-0.5015 
-0.7396 
-0.3731 
-0.1729 
-0.3396 
-0.5278 
0.0446 
0.5231 
0.5748 
0.4644 
0.3784 
-0.5415 
0.0951 
0.5822 
-0.6421 
0.3525 
0.0740 
-0.5225 
0.4301 
-0.4915 
0.4393 
-0.3727 
0.5502 
-0.3520 
 
     (*)(***) 
(+) 1x 10-13 at  
R3 
(**IEA:  Y) 
 
-0.1795 
-0.5007 
-0.7402 
-0.3732 
-0.1729 
-0.3397 
-0.5277 
0.0438 
0.5230 
0.5751 
0.4649 
0.3790 
-0.5410 
0.0952 
0.5818 
-0.6412 
0.3522 
0.0744 
-0.5233 
0.4306 
-0.4922 
0.4400 
-0.3723 
0.5495 
-0.3515 
 
     
APPENDIX D 
 D-6 
(*)(***) 
(+) 1x 10-13 at  
R4 
 
(**IEA:  Y) 
-0.1796 
-0.5008 
-0.7398 
-0.3737 
-0.1732 
-0.3396 
-0.5277 
0.0432 
0.5232 
0.5749 
0.4650 
0.3787 
-0.5413 
0.0948 
0.5817 
-0.6403 
0.3513 
0.0753 
-0.5241 
0.4316 
-0.4934 
0.4408 
-0.3726 
0.5481 
-0.3507 
 
     (*)(***) 
(+) 1x 10-13 at  
R5 
 
(**IEA:  Y) 
-0.1797 
-0.5010 
-0.7398 
-0.3734 
-0.1733 
-0.3393 
-0.5273 
0.0431 
0.5228 
0.5760 
0.4651 
0.3792 
-0.5412 
0.0937 
0.5815 
-0.6409 
0.3518 
0.0750 
-0.5240 
0.4305 
-0.4927 
0.4404 
-0.3727 
0.5491 
-0.3506 
 
APPENDIX E 
 E-1 
Eigenvectors of 5 Staggered Stiffness CMRA (Unperturbed (Initial) and Perturbed): 
Analysed using Lumped Mass Analysis (Chapter 5) 
 
Note: 
1. **IEA: Determination of mass change pattern of the resonator using Inverse 
Eigenvalue Analysis, Y-Successful; N-Failed 
2. (*) Original ranked perturbed eigenvectors;  
(***)  perturbed eigenvectors (ranked based on the unperturbed eigenvectors) 
3. Highlighted eigenvectors:-  
Incomparable perturbed eigenvectors; 
Symmetrical perturbed eigenvectors 
 
Table E-1  Perturbed mass: 3.0615 x 10-11kg 
 
Eigenvector/ Analysis 
Perturbed Mass [kg] 
mode1 mode2 mode3 mode4 mode5 
Initial 
 
-0.2153 
-0.3851 
-0.6638 
-0.5621 
-0.2207 
0.6307 
0.5064 
0.0261 
-0.4948 
-0.3167 
0.5632 
-0.0537 
-0.5846 
0.3218 
0.4843 
-0.3659 
0.4931 
-0.0552 
-0.3987 
0.6789 
0.3240 
-0.5910 
0.4619 
-0.4199 
0.3950 
(*) (***) 
(+) 3.0615 x 10-11 at 
R1 
 
(**IEA:Y) 
0.4112 
0.4342 
0.6119 
0.4837 
0.1846 
-0.7391 
-0.2928 
0.2406 
0.4964 
0.2523 
0.3928 
-0.2857 
-0.5614 
0.4356 
0.5091 
-0.2877 
0.6027 
-0.1728 
-0.3224 
0.6483 
0.2036 
-0.5312 
0.4730 
-0.4773 
0.4741 
      (*) 
(+) 3.0615 x 10-11 at 
R2 
 
(**IEA:Y) 
-0.2788 
-0.5470 
-0.6247 
-0.4529 
-0.1664 
0.4975 
0.5064 
-0.1440 
-0.6008 
-0.3381 
0.5926 
-0.0551 
-0.5692 
0.3147 
0.4719 
0.5407 
-0.5853 
0.2926 
0.1620 
-0.5031 
0.1825 
-0.3027 
0.4249 
-0.5569 
0.6200 
(***) 
 
-0.2788 
-0.5470 
-0.6247 
-0.4529 
-0.1664 
0.4975 
0.5064 
-0.1440 
-0.6008 
-0.3381 
0.5926 
-0.0551 
-0.5692 
0.3147 
0.4719 
0.1825 
-0.3027 
0.4249 
-0.5569 
0.6200 
0.5407 
-0.5853 
0.2926 
0.1620 
-0.5031 
      (*) (***) 
(+) 3.0615 x 10-11 at 
R3 
(**IEA:Y) 
 
-0.1567 
-0.3464 
-0.7804 
-0.4705 
-0.1584 
0.6209 
0.4989 
0.0265 
-0.5088 
-0.3256 
0.5620 
0.0860 
-0.5064 
0.4371 
0.4788 
-0.3902 
0.5249 
-0.0566 
-0.3807 
0.6512 
0.3508 
-0.5911 
0.3535 
-0.4308 
0.4659 
 
      (*) (***) 
(+) 3.0615 x 10-11 at 
R4 
 
(**IEA:N) 
-0.1223 
-0.2606 
-0.5617 
-0.7330 
-0.2537 
0.5957 
0.5832 
0.2635 
-0.4207 
-0.2420 
0.6300 
-0.0156 
-0.6373 
0.2627 
0.3574 
-0.2681 
0.3265 
0.0318 
-0.3767 
0.8238 
-0.4035 
0.6976 
-0.4580 
0.2610 
-0.2696 
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(*) (***) 
(+) 3.0615 x 10-11 at 
R5 
 
(**IEA:Y) 
-0.1892 
-0.3494 
-0.6287 
-0.5843 
-0.3247 
0.5543 
0.5150 
0.1786 
-0.4137 
-0.4738 
-0.6108 
-0.0842 
0.5576 
-0.0413 
-0.5543 
-0.3665 
0.3678 
0.1790 
-0.6126 
0.5684 
0.3900 
-0.6869 
0.4806 
-0.3348 
0.1817 
 
Table E-2  Perturbed mass: 1 x 10-11kg 
 
 
Eigenvector/ Analysis 
Perturbed Mass [kg] 
mode1 mode2 mode3 mode4 mode5 
Initial 
 
-0.2153 
-0.3851 
-0.6638 
-0.5621 
-0.2207 
0.6307 
0.5064 
0.0261 
-0.4948 
-0.3167 
0.5632 
-0.0537 
-0.5846 
0.3218 
0.4843 
-0.3659 
0.4931 
-0.0552 
-0.3987 
0.6789 
0.3240 
-0.5910 
0.4619 
-0.4199 
0.3950 
      (*) (***) 
(+) 1 x 10-11 at  
R1 
 
(**IEA:Y) 
-0.2583 
-0.3978 
-0.6556 
-0.5473 
-0.2136 
0.6919 
0.4522 
-0.0524 
-0.4814 
-0.2867 
0.5110 
-0.1465 
-0.5808 
0.3675 
0.4950 
-0.3408 
0.5408 
-0.1025 
-0.3688 
0.6670 
0.2743 
-0.5691 
0.4686 
-0.4448 
0.4283 
      (*) (***) 
(+) 1 x 10-11 at  
R2 
 
(**IEA:Y) 
-0.2360 
-0.4324 
-0.6564 
-0.5330 
-0.2057 
0.5913 
0.5161 
-0.0234 
-0.5280 
-0.3235 
0.5727 
-0.0542 
-0.5798 
0.3196 
0.4804 
-0.4370 
0.5557 
-0.1472 
-0.3149 
0.6159 
0.2764 
-0.4821 
0.4591 
-0.4860 
0.4941 
      (*) (***) 
(+) 1 x 10-11 at  
R3 
(**IEA:Y) 
 
-0.1959 
-0.3744 
-0.7051 
-0.5332 
-0.1997 
0.6275 
0.5040 
0.0263 
-0.4994 
-0.3196 
0.5623 
-0.0036 
-0.5640 
0.3639 
0.4830 
-0.3738 
0.5035 
-0.0557 
-0.3930 
0.6702 
0.3355 
-0.5939 
0.4224 
-0.4240 
0.4201 
      (*) (***) 
(+) 1 x 10-11 at  
R4 
 
(**IEA:Y) 
-0.1836 
-0.3452 
-0.6365 
-0.6217 
-0.2355 
0.6186 
0.5360 
0.1108 
-0.4802 
-0.2953 
0.5890 
-0.0407 
-0.6063 
0.3028 
0.4383 
-0.3310 
0.4315 
-0.0186 
-0.4006 
0.7372 
-0.3577 
0.6374 
-0.4636 
0.3579 
-0.3504 
      (*) (***) 
(+) 1 x 10-11 at  
R5 
 
(**IEA:Y) 
-0.2087 
-0.3763 
-0.6558 
-0.5689 
-0.2475 
0.6122 
0.5102 
0.0653 
-0.4795 
-0.3615 
0.5743 
-0.0155 
-0.5815 
0.2423 
0.5226 
-0.3522 
0.4304 
0.0386 
-0.4917 
0.6689 
-0.3588 
0.6427 
-0.4755 
0.3825 
-0.2929 
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Table E-3  Perturbed mass: 7.6 x 10-12kg 
 
 
Eigenvector/ Analysis 
Perturbed Mass [kg] 
mode1 mode2 mode3 mode4 mode5 
Initial  
 
-0.2153 
-0.3851 
-0.6638 
-0.5621 
-0.2207 
0.6307 
0.5064 
0.0261 
-0.4948 
-0.3167 
0.5632 
-0.0537 
-0.5846 
0.3218 
0.4843 
-0.3659 
0.4931 
-0.0552 
-0.3987 
0.6789 
0.3240 
-0.5910 
0.4619 
-0.4199 
0.3950 
(*) (***) 
(+) 7.6 x 10-12 at  
R1 
 
(**IEA: Y) 
-0.2467 
-0.3944 
-0.6580 
-0.5515 
-0.2156 
0.6788 
0.4667 
-0.0329 
-0.4840 
-0.2935 
0.5245 
-0.1256 
-0.5822 
0.3572 
0.4926 
-0.3470 
0.5307 
-0.0921 
-0.3755 
0.6696 
0.2852 
-0.5742 
0.4674 
-0.4395 
0.4212 
      (*) (***) 
(+) 7.6 x 10-12 at  
R2 
 
(**IEA:  Y) 
-0.2309 
-0.4205 
-0.6586 
-0.5406 
-0.2095 
0.6012 
0.5145 
-0.0109 
-0.5198 
-0.3218 
0.5704 
-0.0541 
-0.5809 
0.3201 
0.4814 
-0.4209 
0.5436 
-0.1257 
-0.3354 
0.6317 
0.2887 
-0.5082 
0.4613 
-0.4720 
0.4721 
      (*) (***) 
(+) 7.6 x 10-12 at  
R3 
(**IEA:  Y) 
 
-0.2005 
-0.3772 
-0.6954 
-0.5403 
-0.2047 
0.6283 
0.5045 
0.0262 
-0.4983 
-0.3189 
0.5624 
-0.0153 
-0.5695 
0.3542 
0.4834 
-0.3719 
0.5010 
-0.0556 
-0.3944 
0.6723 
0.3330 
-0.5935 
0.4315 
-0.4231 
0.4143 
      (*) (***) 
(+) 7.6 x 10-12 at  
R4 
 
(**IEA:  Y) 
-0.1912 
-0.3551 
-0.6437 
-0.6075 
-0.2322 
0.6214 
0.5292 
0.0908 
-0.4848 
-0.3009 
0.5832 
-0.0438 
-0.6015 
0.3075 
0.4490 
-0.3392 
0.4458 
-0.0266 
-0.4011 
0.7243 
-0.3503 
0.6274 
-0.4636 
0.3719 
-0.3610 
      (*) (***) 
(+) 7.6 x 10-12 at  
R5 
 
(**IEA:  Y) 
-0.2104 
-0.3786 
-0.6579 
-0.5672 
-0.2405 
0.6171 
0.5094 
0.0550 
-0.4839 
-0.3501 
0.5713 
-0.0253 
-0.5827 
0.2627 
0.5143 
-0.3537 
0.4428 
0.0181 
-0.4720 
0.6751 
-0.3522 
0.6332 
-0.4735 
0.3906 
-0.3134 
 
 
Table E-4  Perturbed mass: 1 x 10-12kg 
 
 
Eigenvector/ Analysis 
Perturbed Mass [kg] 
mode1 mode2 mode3 mode4 mode5 
Initial  
 
-0.2153 
-0.3851 
-0.6638 
-0.5621 
-0.2207 
0.6307 
0.5064 
0.0261 
-0.4948 
-0.3167 
0.5632 
-0.0537 
-0.5846 
0.3218 
0.4843 
-0.3659 
0.4931 
-0.0552 
-0.3987 
0.6789 
0.3240 
-0.5910 
0.4619 
-0.4199 
0.3950 
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(*) (***) 
(+) 1 x 10-12 at  
R1 
 
(**IEA: Y) 
-0.2190 
-0.3862 
-0.6632 
-0.5609 
-0.2201 
0.6375 
0.5017 
0.0186 
-0.4933 
-0.3136 
0.5586 
-0.0636 
-0.5845 
0.3267 
0.4854 
-0.3636 
0.4986 
-0.0604 
-0.3955 
0.6776 
0.3185 
-0.5887 
0.4628 
-0.4228 
0.3988 
      (*) (***) 
(+) 1x 10-12 at  
R2 
 
(**IEA:  Y) 
-0.2173 
-0.3895 
-0.6633 
-0.5595 
-0.2193 
0.6269 
0.5077 
0.0215 
-0.4980 
-0.3174 
0.5641 
-0.0538 
-0.5841 
0.3216 
0.4840 
-0.3734 
0.5007 
-0.0645 
-0.3907 
0.6731 
0.3199 
-0.5803 
0.4624 
-0.4273 
0.4056 
      (*) (***) 
(+) 1x 10-12 at  
R3 
(**IEA:  Y) 
 
-0.2134 
-0.3841 
-0.6681 
-0.5593 
-0.2186 
0.6303 
0.5061 
0.0262 
-0.4953 
-0.3170 
0.5631 
-0.0485 
-0.5829 
0.3262 
0.4842 
-0.3667 
0.4942 
-0.0552 
-0.3981 
0.6781 
0.3253 
-0.5914 
0.4578 
-0.4204 
0.3976 
      (*) (***) 
(+) 1x 10-12 at  
R4 
 
(**IEA:  Y) 
-0.2122 
-0.3812 
-0.6614 
-0.5681 
-0.2223 
0.6294 
0.5095 
0.0347 
-0.4939 
-0.3148 
0.5660 
-0.0524 
-0.5870 
0.3200 
0.4796 
-0.3624 
0.4868 
-0.0512 
-0.3994 
0.6853 
0.3278 
-0.5962 
0.4623 
-0.4133 
0.3906 
      (*) (***) 
(+) 1x 10-12 at  
R5 
 
(**IEA:  Y) 
-0.2147 
-0.3843 
-0.6631 
-0.5628 
-0.2231 
0.6290 
0.5068 
0.0297 
-0.4936 
-0.3209 
0.5642 
-0.0502 
-0.5845 
0.3145 
0.4885 
-0.3636 
0.4855 
-0.0448 
-0.4094 
0.6801 
0.3285 
-0.5978 
0.4641 
-0.4158 
0.3827 
 
 
 
Table E-5  Perturbed mass: 1 x 10-13kg 
 
Eigenvector/ Analysis 
Perturbed Mass [kg] 
mode1 mode2 mode3 mode4 mode5 
Initial  
 
-0.2153 
-0.3851 
-0.6638 
-0.5621 
-0.2207 
0.6307 
0.5064 
0.0261 
-0.4948 
-0.3167 
0.5632 
-0.0537 
-0.5846 
0.3218 
0.4843 
-0.3659 
0.4931 
-0.0552 
-0.3987 
0.6789 
0.3240 
-0.5910 
0.4619 
-0.4199 
0.3950 
(*) (***) 
(+) 1 x 10-13 at  
R1 
 
(**IEA: Y) 
-0.2157 
-0.3852 
-0.6638 
-0.5620 
-0.2206 
0.6313 
0.5059 
0.0254 
-0.4947 
-0.3164 
0.5627 
-0.0547 
-0.5846 
0.3223 
0.4844 
-0.3657 
0.4937 
-0.0557 
-0.3983 
0.6788 
0.3235 
-0.5907 
0.4620 
-0.4202 
0.3954 
      (*) (***) 
(+) 1x 10-13 at  
R2 
 
(**IEA:  Y) 
-0.2155 
-0.3855 
-0.6638 
-0.5619 
-0.2205 
0.6303 
0.5065 
0.0257 
-0.4952 
-0.3168 
0.5633 
-0.0537 
-0.5846 
0.3218 
0.4843 
-0.3667 
0.4939 
-0.0561 
-0.3979 
0.6784 
0.3236 
-0.5899 
0.4620 
-0.4207 
0.3961 
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(*) (***) 
(+) 1x 10-13 at  
R3 
(**IEA:  Y) 
 
-0.2151 
-0.3850 
-0.6643 
-0.5619 
-0.2205 
0.6306 
0.5063 
0.0261 
-0.4949 
-0.3168 
0.5632 
-0.0532 
-0.5844 
0.3223 
0.4843 
-0.3660 
0.4932 
-0.0552 
-0.3986 
0.6788 
0.3242 
-0.5910 
0.4615 
-0.4200 
0.3953 
      (*) (***) 
(+) 1x 10-13 at  
R4 
 
(**IEA:  Y) 
-0.2150 
-0.3847 
-0.6636 
-0.5627 
-0.2208 
0.6305 
0.5067 
0.0270 
-0.4948 
-0.3165 
0.5635 
-0.0536 
-0.5849 
0.3216 
0.4839 
-0.3656 
0.4925 
-0.0548 
-0.3988 
0.6796 
0.3244 
-0.5915 
0.4620 
-0.4192 
0.3946 
      (*) (***) 
(+) 1x 10-13 at  
R5 
 
(**IEA:  Y) 
-0.2152 
-0.3850 
-0.6638 
-0.5622 
-0.2209 
0.6305 
0.5064 
0.0265 
-0.4947 
-0.3171 
0.5633 
-0.0534 
-0.5846 
0.3211 
0.4848 
-0.3657 
0.4924 
-0.0541 
-0.3998 
0.6791 
0.3245 
-0.5917 
0.4622 
-0.4195 
0.3938 
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Effective Mass and Stiffness of Comb-Drive Resonator  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure F.1  (a) Integrated comb-drive resonator; (b) An anchor spring of the resonator 
 
By assuming beam 2 is rigid, and two beams of beam 1 and beam 3 are in series, stiffness of 
an anchor spring, k [1]; 
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Assuming width of beam 1, b1 = b3 = b; Stiffness of an anchor spring, k;  
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or  if L1 = L3, then;  
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Where E: Young’s Modulus; k: beam stiffness; h: thickness of device; b: width of the beam; I: 
second moment of area 
 
 
Effective mass of resonator, 
 
 














−





++





+++=
32
21
6
35
13
435
13
1
3
1
3
1
3
3
21
L
L
L
L
L
LMMMMM R c   
(Equation F-3)
 
 
 
Where Mc: concentrated mass of resonator (refer to Figure 1(a)), M1-M3: mass of anchor 
spring element (refer to Figure F.1(b)) 
 
 
Parameter/ Method Estimation Finite Element 
Analysis 
Numerical 
Analysis 
Error (%) 
Numerical 
Analysis// 
FEA 
Stiffness of Resonator, kR 19.9796 N/m 21.6977 N/m 8.6% 
Effective mass of resonator, mR 3.0615nkg 3.1728nkg 3.64% 
Natural Frequency 12857.3 Hz 13161Hz 2.36% 
 
Bibliography: 
 
1. W.T. Thomson and M.D. Dahleh.  Theory of Vibration and Applications, 5th Edition: 
Prentice Hall, 1998. 
2. Rayleigh–Ritz method.  http://en.wikipedia.org/wiki/Rayleigh-Ritz_method, 2008 
(Accessed). 
APPENDIX G 
 G-1 
Manufacturing Variation Impact on Frequency Response of  A Single Comb-Drive Resonator 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure G.1 Estimated change of effective mass, stiffness and frequency response of comb-
drive resonator using numerical analysis (refer to Appendix F);  (assumption:  only width of 
resonator anchor spring (bASP) and width of comb fingers (bASP) vary at similar amount of 
change) 
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Table G-1 Details of analysis result (Figure G.1) 
 
 
% of change of 
bf and bASP 
Resonator 
Stiffness, k 
[N/m] 
Resonator 
Mass, m 
[nkg] 
Ratio: % 
of ∆k/∆m 
Resonant 
Frequency [Hz] 
-10% 14.5625 2.9635 8.5 11158 
-7.5% 15.8110 2.9880 8.7 11578 
-5.0% 17.1274 3.0125 8.9 12002 
-2.5% 18.5158 3.0370 9.2 12428 
0 19.976 3.0615 0 12858 
+2.5% 21.5122 3.0860 9.6 13290 
+5.0% 23.1242 3.1105 9.9 13725 
+7.5% 24.8162 3.1350 10.1 14162 
+10.0% 26.5881 3.1595 10.3 14602 
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Sample of Geometrical Measurements  and Manufacturing Data Analysis –  
Measured on a Single In-House Chip 
 
Table H-1  Sample of measurements and manufacturing variation data analysis – measured on 
a single in-house chip (Single integrated comb-drive resonator, SingleR-v2 (Chip3)) 
 
Table H-2  Sample of measurements and manufacturing variation data analysis – measured on 
a single in-house chip (Staggered Mass CMRA (Chip8)) 
 
Dimension / 
(no. of N samples) 
Mean - 
nominal 
Parameter, 
µo [µm] 
Mean - 
fabricated 
parameter, 
µ [µm] 
Standard 
deviation 
σ 
Manufacturing 
tolerance 
V1[%] 
Part to 
part 
variation 
V2 [%] 
Anchor Spring 
width, bASP /  (24) 
 
 
3 
 
3.4093 
 
0.0503 
 
[13.64] 
 
1.68 
Anchor Spring  
Length, LASP  (24) 
 
201 (s) 
216 (L) 
198.9260 
214.1720 
0.6030 
0.4870 
[-1.03] 
[-0.85] 
0.30 
0.23 
Width  of Linked 
Mass, bLM  (12) 
 
39 38.7423 0.3045 [-0.60] 0.78 
Length  of  Linked 
Mass, LLM  (12) 
 
35 34.588 0.3136 [-1.18] 0.90 
Comb finger  
Width, bf  (24) 
 
3 3.3717 0.0591 [12.39] 1.97 
Comb finger  
Length, Lf (24) 
10 9.9591 0.0706 [-0.41] 0.71 
Dimension / 
(no. of N samples) 
Mean - 
nominal 
Parameter, 
µo [µm] 
Mean - 
fabricated 
parameter, 
µ [µm] 
Standard 
deviation 
σ 
Manufacturing 
tolerance 
V1[%] 
Part to 
part 
variation 
V2 [%] 
Anchor Spring 
width, bASP /  (20) 
 
3 
 
3.1954 
 
0.0495 
 
[6.51] 
 
1.65 
 
Anchor Spring  
Length, LASP  (20) 
 
201 (s) 
216 (L) 
198.4890 
213.2570 
0.3280 
0.5040 
[-1.25] 
[-1.27] 
0.16 
0.23 
Comb finger  
Width, bf  (20) 
 
3 3.1733 
 
0.0503 [5.78] 1.68 
Comb finger  
Length, Lf (20) 
 
10 10.0385 
 
0.0758 [0.39] 0.76 
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Table H-3  Sample of measurements and manufacturing variation data analysis – measured on 
a single in-house chip (Staggered Stiffness CMRA (Chip10)) 
 
 
 
Dimension / 
(no. of N samples) 
Mean - 
nominal 
Parameter, 
µo [µm] 
Mean - 
fabricated 
parameter, 
µ [µm] 
Standard 
deviation 
σ 
Manufacturing 
tolerance 
V1[%] 
Part to 
part 
variation 
V2 [%] 
Anchor Spring 
width, bASP /  (20) 
 
3 
 
3.7676 
 
0.0316 
 
[25.59] 
 
1.05 
 
Comb finger  
Width, bf  (20) 
 
3 3.7980 
 
0.0507 [26.60] 1.69 
Comb finger  
Length, Lf (20) 
 
10 9.8629 
 
0.0580 [-1.37] 0.58 
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